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This paper extends stationary Markov chain convergence theory to model
discrete-time regular multivariate Markov chains with joint-conditioning
transition probability functions that condition the future state of each pro-
cess on the present states of all processes considered jointly. This result is a
formal extension of currently modeled multivariate Markov chains discussed
in the literature, which employ marginal-conditioning transition probability
functions that condition the future state of each process separately on the
present state of each of the complementary processes considered individually.
The advantage of this generalization is that it accounts for interdependencies
among the members of the complementary sets. We also establish that it is
generally not possible to deduce equivalent marginal-conditioning transition
probability functions from joint-conditioning probability functions.

Our methodology is to establish the existence of a Markov equivalent
complementary graphical representation of a multivariate Markov process
with the complementary subset of the process as vertices and the edges com-
prising joint-conditioning/joint-conditioned transition probabilities, to which
the Markov chain convergence theorem may be directly applied. This gener-
alization is particularly applicable to scenarios where interrelationships be-
tween conditioning sources of causal or informational influence cannot be
modeled as individual conditioning functions, and potentially informs de-
signs for domains such as economic experiments, mobile robotics, and other
artificial intelligence applications.

1. Introduction. Multivariate Markov chain theory is an important tool of applied prob-
ability and statistics for the study of multivariate phenomena such as biologics [35], finance
[31], machine learning [13], robotic surveillance [8], and others, to represent correlations of
variables in sequentially ordered data sets, for purposes of modeling. We begin by reviewing
univariate Markov chain convergence theory. For a univariate finite-state first-order Markov
chain with time-indexed increments ¢ = {0, 1,2, ...}, the Markov Chain Convergence (MCC)
theorem establishes conditions for the existence of a limiting stationary, or steady-state, prob-
ability distribution, which we state for reference and to establish notation. !

THEOREM 1.1 (Markov Chain Convergence). Let T be a square matrix with nonnegative
entries such that each column sums to unity and 'T' is regular, meaning that there exists an
integer m such that that all elements of T™ are strictly positive. Then there exists a unique
mass vector p such that

* TP =D, that is, P is the eigenvector corresponding to the unique unit eigenvalue of T';
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o T=limy_n Tt = [ﬁ 5]; and
» p =Tp(0) for every initial mass vector p(0).

For a discussion and proof of this theorem, see, for example, [9, 18, 21]. The practical
significance of this theorem is that it provides a closed-form expression for the steady-state
mass vector p; namely, as the eigenvector corresponding to the unique unit eigenvalue of 7'.

The matrix T' is termed the state transition matrix, whose elements are transition proba-
bility functions p;|;(ala’), which define the conditional probability that the process is in state
a at time ¢ + 1 given that it is in state a’ at time ¢. In matrix notation, this time iteration
assumes the form

(D) p(t+1)=Tp(t),
where p(t) is the unconditional probability vector for the process at time ¢. This model is
directly applicable to the MCC theorem, resulting in a unique steady-state probability vector
p = lim;_,, T'p(0) that is independent of the initial conditions p(0).

A general n-dimensional time-indexed multivariate Markov process comprises a set of

n Markov processes denoted {Y;(t),i =1,...,n,t =0,1,...}, that are interconnected such
that the transition probability of the future state a; of each member Y;(¢ + 1) is jointly con-
ditioned on the present states, a’;, j = 1,...,n, of all members {Y;(¢), j =1,...,n}, con-

sidered simultaneously. To illustrate, consider the multivariate process {Y; (t), Ya(t), Y3(¢)},
where each Y;(t) corresponds to an agent who randomly chooses between two prizes, de-
noted A; = {y;,,yi.}, for i € {1,2,3}, at time ¢, such that Y;(¢ + 1)’s probability of choosing
a; € A; is conditioned on {Y}(t), Y (t)} jointly choosing (a’, a}) € A; x Ay; that is, accord-
ing to the transition probability mass function p; ;. (a;|a}, aj,) for a;|a’;, aj € A;|A; x Ay, for
iljk € {1]23,2|31,3|12}. Expressed in matrix notation, this becomes

2 pi(t +1) =T;1pjk(t) ,
where the transition matrix 75 is populated by the transition functions p; ;1 and pj (t) is
the joint probability mass vector for {Y}(¢), Yy (t)}.

Another example of a multivariate Markov chain is a stock market, where the probability
of the value of the shares of a given company at a future time is modeled as conditionally
dependent on the present values of the shares of several other companies. For such a scenario,
real-time tractability requires conditioning on the joint share values of the other companies
considered simultaneously, rather than attempting to determine the probability of a given
company’s state conditioned on the state of each influencing company considered in isolation.

These examples clearly satisfy the Markov condition in that the transition to the state of
a given process is conditioned only on the present state (of all processes and not on the past
states of any of the individual processes).

However, the iteration defined by (2) is not amenable to the direct application of the MCC
theorem, since the conditioning is between each individual process Y;(¢ + 1) at time ¢ + 1
and {Y}(t),j # i}, its complementary subset of processes, at time .

Several researchers have studied the issue of convergence for multivariate Markov chains.
An example [17] from this literature discusses multivariate Markov chains convergence for
specific population genetics models, but not results for general processes. An approach to
modeling the conditional dependence of an individual process on its complementary set that
has gained traction in the literature by Ching and coauthors [5, 6, 31, 33, 36] is to express
the transition probabilities of each member as a convex combination of individual-process-
to-individual-process transition probabilities. (This approach is further discussed in Section
2.1).2 [4, 12] adopts this same approach to investigate stock exchanges.

’The approach draws its inspiration from [24] who developed a model for high-order Markov chains, termed
the Raftery mixture transition distribution model, by defining the probability of the future state of a process
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Since these models employ an individial-process-to-individual-process transition proba-
bility model, they are not as general as a multiple-process-to-individual-process transition
probability model. Our approach is to determine the steady-state of a general stationary reg-
ular multivariate Markov process using the more general multiple-procsss-to-individual pro-
cess model. To do so we invoke the mathematical machinery of network theory and graph
theory.

The concept of a network applies to a vast diversity of contexts and applications. A net-
work is interpreted as any collection of sources of influence that are interconnected and struc-
tured with respect to directions of influence and specifications of influence effects. Domains
of study which are commonly modeled as networks include social and economic [10, 14],
causal [23], probabilistic [7, 15, 16, 22], distributed control [20], multiagent systems [19, 30],
neural [2], and others. Networks are typically represented as graphs. A network graph com-
prises a set of vertices, depicted as nodes, and a set of directed edges which define the influ-
ence linkages between the vertices. In this paper we focus on networks whose vertices are
elements of a multivariate Markov chain and whose graphical representations identify the
edges linking these vertices with transition probability mass functions.

A key motivation for the paper is to facilitate applications in which sources of influence
are bi-directional. Such applications are particularly strongly motivated in economics and
social science. For example, experiments studying transmission of economic advice reported
in [29] are restricted to stylized settings in which no agent Y; who influences an agent Y; can
be reciprocally influenced by Y);. As emphasized by theorists of social influence [28, 34], this
is not the standard ecology of interaction among people, or social animals generally; such
influence typically involves mutually active convergence to dynamic equilibria.

2. Graphical Representations of Multivariate Markov Chains.

DEFINITION 2.1.  « Lette{0,1,...} denote time indexed in unit increments.

e Let {{YH (t),i=1,...,n},t=0,1,... } denote a set of discrete finite-state Markov pro-
cesses with state spaces A; = {Yi1, - ., Yin, }-

o Let Y_;(t) = {Yi, (t),i = 1,...,n}\Yi(¢t) denote Y;’s complementary subset and let
A= X ki A; denote Y;’s complementary state space.

¢ Let a; € A; denote an arbitrary element of A; and let a_; € A_; denote a vector of arbi-
trary elements of A_;. We use the “prime” superscript a;, for states at time ¢ to distinguish
them from the “unprimed” notation a; for states at time ¢ + 1.

* We term Y_; the subset of conditioning processes for Y;, which is termed the conditioned
process.

* Letp;);: Ai|A; — [0, 1] denote a transition probability mass function such that p; ;(a;|a)
is the probability that Y;(¢ + 1) is in state a; € A; at time ¢ + 1 given that Y} (¢) is in state
a’; € A; at time ¢. The set

(3) {{{Yi,(t),iz1,...,n},t=O,l,...},{pij,i,j:1,...,n}}

is termed a marginal-conditioning multivariate Markov chain. We use the term “marginal”
in this context advisedly. The standard usage of such terminology applies to the condi-
tioned elements of a probability function; that is, the terms on the left side of the condi-
tioning symbol “|”, with the conditioning elements on the right side of the conditioning

conditioned on the present and a finite number of past states of the same process as a convex combination of the
marginal-conditioning transitoin functions for the future state given each of the present and past states considered
individually.



symbol. By analogy with the conventional usage of the terms “joint” and “marginal”, we
say that the conditioning is “joint” if the conditioning side is populated by all members of
the complementary set, and it is “marginal” if the conditioning side is populated by only
one member of the complementary set at a t time.

* Let p;—;: AilA—; — [0,1] denote a transition probability mass function such that
pi|—i(aila’;) is the probability that Y;(z 4 1) is in state a; € A; at time ¢ + 1 given that
Y_;(t) is in state a’_, € A_; at time ¢. The set

4) {{{Yi,(t),z'z 1,...,n},t=0,1,...},{pi|i,izl,...,n}}

is termed a joint-conditioning non-self-influencing multivariate Markov chain.

* Let p;j;—it Ail Ai x A—; — [0,1] denote a transition probability mass function such that
Piji,—i(ailaj, a’_;) is the probability that Y;(¢ + 1) is in state a; € A; at time ¢ + 1 given that
{Yi(t),Y_;(t)} is in state (a},a’_;) € A; x A_; at time ¢. The set

5) {{{Y;,(t),i =1,...,nht=0,1,...} {pyi—i i = 1,...,n}}
is termed a joint-conditioning self-influencing multivariate Markov chain.

Although the non-self-influencing model is a special case of the self-influencing model, it
is of sufficient practical importance to treat it separately, since it corresponds to the subclass
of multivariate Markov processes where each member of the multivariate Markov chain is
influenced by, and only by, other members.

A marginal-conditioning model is appropriate for scenarios where it is possible to iso-
late the probabilistic dependencies between each pair of processes Y; and Y. The joint-
conditioning models are appropriate for scenarios where the probabilistic dependency of
each Y; is expressed as the combined influence of all members of its complementary set
Y_;. As we shall establish, it is generally not possible to decompose the joint-conditioning
transition probability functions p;_; and p;; _; to generate a set of marginal-conditioning
transition probability functions {p;;,7,j = 1,...,n}. Thus, the joint-conditioning models
are more general.

Our usage of network theory and graph theory hinges on an important observation, namely,
that a graph of a network is not the network; rather, it is a representation of the network,
and representations are not unique. Our approach is to define a so-called Markov equivalent
representation (i.e., a representation that preserves the conditioning structure defined by the
transition probability functions) of a multivariate Markov chain that is amenable to the direct
application of the MCC theorem. For ease of presentation we initially restrict our attention
to non-self-influencing multivariate Markov chains, and we first consider the special case
where the chain may be represented by a ring graph with individual members of the mul-
tivariate chain as vertices. We then extend to the general fully connected (but self-influence
free) case by defining a Markov equivalent ring graph representation with the complementary
subsets as vertices. Finally, we extend the theory to scenarios involving self-influence. This
result provides a systematic methodology for determining the steady-state probability of an
arbitrary stationary regular multivariate Markov chain.

To facilitate our development we introduce two types of graphs for multivariate Markov
chains: transition graphs and network graphs. The following development applies to the non-
self-influencing case, but obvious modifications can be made for the self-influencing case.
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DEFINITION 2.2. Transition Graph: A (state) transition graph of a multivariate Markov
chain comprises a set of verfices {{yu, cesYiny bre oo s {Unas - .ynNn}} consisting of the
states that the members of the chain may assume, with edges as the transition probability
mass functions p;|;(a;|a}) that define the transition probability that Y;(¢ + 1) is in state a;,
denoted Y;(t + 1) k= a;, given that Y;(t) is in state a; at time ¢, denoted Y;(t) & aj. The
symbol ag — a; indicates that probability propagates in only one direction — a directed
edge — from state a;- to state a; during the time increment from ¢ to ¢ + 1.

Network Graph: A network graph of a multivariate Markov chain is a graph with the mem-
ber processes {Y1(t),...,Y,(t)} as vertices with the set of incoming edges to Y;(t + 1)
originating from Y_;(¢) collectively comprising the transition probability mass function
pi|—i(a;|a’_;) that determines the transition probability of Y;(t + 1) = a; given the joint-
conditioning process Y_;(t) = a’_;. The symbol Y} (t) — Y;(t + 1) means that probability
propagates in only one direction — a directed edge — from Yj(t) to Y;(t + 1).

* A path from Y}(t) to Y;(t + 1) is a sequence of directed edges from Y;(t) to Yj(t + 1),
denoted Y;(t) — Yi(t + 1).
* A self-loop for Y;(t) is an edge Y;(t) — Y;(t + 1).
* A fully connected network is a network such that there is an edge between {Y;(¢), Y; (t +
1)}, 4,5 =1,...,n (excluding self-loop edges for the non-self-influencing case).
For our treatment, all edges of both transition and network graphs are directed.

To keep our development as straightforward as possible, we initially do not allow self-
influence, that is, transition probability mass functions of the form p;; ;. Such a model
would correspond to situations where the future probability of each member of the multivari-
ate Markov chain would be modulated by its own present state as well as the present states
of other members of the multivariate chain. However, the model p;|_; introduces sufficient
complexity to identify and address the key issues with multivariate Markov chain conver-
gence, and is simpler to deal with. Once that theory is established, we go on to consider
self-influence.

To illustrate the distinction between a transition graph and a network graph, consider the
two graphs for a 3 x 2 network (i.e., a network comprising three members with each being in
one of two states):

(6)

representing a multivariate Markov chain network with the transition graph on the left and
the network graph on the right (with time arguments suppressed).



2.1. Transition Graphs. For a transition graph representation of a multivariate Markov
chain as in (6), the transition from state Y;(t) = a to state Y;(f + 1) = a; and from state
Yi(t) E a), to state Yj(t + 1) k= a; is governed by marginal-conditioning transition probabil-
ity functions py;(aila’;), and p;(ailay,), respectively, as indicated by the transition graph

fragment
/ /
aj aj,
Ihx /P1 Ik
a;

(7

Restricting attention to the non-self-influencing case, the transition probability that Y; (¢ +
1) E a; is conditioned on two sources: Y;(t) and Yj(t). To account for these multiple sources
of conditioning, the approach taken by Ching and coauthors (see [5, 6, 31, 33, 36]) is to model
pi(a;,t + 1) as a convex combination of the transitions from Y;(¢) and Yj(t) to Y;(t + 1),
yielding

(8) Di (aut“‘ 1 zg Zpd] az‘a )pj(a t + /\zkzpdk az‘ak)pk(akvt)
J a‘k

with Aj;j, A\jx = 0 and \;; + A\;;, = 1. Expressed using matrix notation, this becomes

©)) pi(t + 1) = XijT3;p; (1) + i Ty Pr(?) -

with

(10) Tz|j [pl|j <y11|y]1)pz|j (y11|y]2)} Tz|k _ [pz|k(y11|yk1)pz|k(yu|yk2)] '
Pi|j (y1,2|y]1) Pijy (y7,2|y]2> pz|k(ylz|yk’1> pz|k(y12|yk2)

Combining equations of the form (9) for the three members of a 3 x 2 non-self-influencing
network yields

pi(t+1) 0 NjTi; NikTi | | palt)

(11) pit+1) | = XNiTj 0 XDy | | Pi®) |,
pr(t+1) Neilkji AkjTy); 0 Pk (t)

< - ——
P (t+1) T P (t)

and the iteration model
(12) P(t+1)=TP(t)

is now amenable to the direct application of the MCC theorem. This approach provides a
solution for the steady-state probability of a multivariate Markov chain by approximating
the joint-conditioning transition probability of the chain with a convex combination of the
marginal-conditioning transition probabilities of each member of the chain.

2.2. Network Graphs. Section 2.1 provides a solution for multivariate Markov chain ap-
plications with transitions defined by marginal-conditioning functions but, as we claim in
Section 1, it is generally not possible to decompose a joint-conditioning transition probability
function p;_; into a set of equivalent marginal-conditioning transition probability functions
{pi‘ =1 ,n}. The simplist way to establish this claim is to offer a counterexample.

Consider a three-individual community comprising Isabel (1), John (J), and Karl (K),
who are at a dance. John and Karl are strangers to each other, and we may assume that
their behaviors are independent. Both men wish to ask Isabel to dance, but they also wish
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to avoid conflict, so neither will ask her to dance if the other intends to do so. Their action
sets are Ay = A = {a,na}, that is, to ask (a) or to not ask (na). Isabell’s action set is
Ar = {w,nw}, that is, to be willing (w) or not willing (nw) to accept an invitation to dance.
The objective of avoiding conflict between J and K is fixed by setting the joint-conditioning
function p; i 7(ala,w) = 0. Now suppose it were also true that J and K are conditionally
independent, given /, which would mean that joint-conditioning function p s x r(ala,w) =0
reduces to the marginal-conditioning function pj;(ajw) = 0. But this would mean that .J
would never dance with I, which would defeat .J’s reason to attend the dance. Thus, we
may safely assume that p;;(aw) > 0. which would then violate the assumption that J and
K are conditionally independent given I. The reason for this result is that the marginal-
conditioning model does not account for the existence of conflictual relationships between
the objectives of J and K. This counterexample establishes that it is generally not possible to
derive equivalent marginal-conditioning transition probability functions p;; from the joint-
conditioning transition probability function p;_;.
A joint-conditioning graphical representation of this scenario is

lj

(13) ) Y. (t)

Yi(t+1)
with marginal probability mass function
(14) pelant+1) = > pyolaild,, ) p,(d, t) p(al,t),
ayal

where p,(a’,,t) and p, (a’.,t) are marginal probability mass functions for .J and K, respec-
tively.

Extending to the multivarite-conditioning case for a fully connected three-member Markov
chain with network graph illustrated in (6), a corresponding network fragment is

(15) Y; () Yi(t)
Yi(t+1) Yilt+1)

Since it is not generally possible to decompose a joint-conditioning transition probability
function into an equivalent set of marginal-conditioning transition probability functions, we
cannot decouple the influence Y;(t) exerts on Y;(¢ + 1) and Y;(¢ + 1) from the influence
Y (t) exerts on Y;(t + 1) and Y;(¢ + 1), and so must consider the joint influence that the
subset {Y;(t), Yy (t)} exerts on the subset {Y; (¢t + 1),Y;(¢t 4+ 1)}. A natural way to do this is
to treat {Y;(t), Yy (t)} and {Y;(t 4+ 1),Y;(t + 1)} as dyadic vertices where we drop the braces
and the separating comma and express these subgroups of processes as units denoted Y;Y}(t)
and Y;Y;(t + 1), that canot be separated into their constituant parts as far as conditioning is
concerned. We thus re-express (15) as

(16) Y;Yi(t)

Yiv;(t+ 1)

Dijljk
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where p;;;r 18 a joint-conditioning/joint-conditioned transition function, yet to be defined,
that governs the transition to Y;Y; (¢ 4+ 1) from Y;Y}(t). The corresponding marginal proba-
bility mass function for the dyad Y;Y;(¢ + 1) is

(17) pijlaiajt +1) = Y pynlai,aslal, a)pir(d, ap, t).
a’,aj

We may express (17) using matrix notation by defining a complementary-state-to-complementary-
state transition matrix T whose entries are the transition probability mass functions

Dij|jk» yielding

lik>

(18) pij(t +1) = Tjj 1Pk ()

with
Pij (Yir, Yjist) Pik(Yj> Ykrst + 1)
Pij (Yirs Yjar t) Pik(Yjis Ykant +1)

19 (1) = J J S (t+ 1) = J J

(19 pis(t) Pij (Yia, Yjis t) P ) Pk (Yjos Y1t +1)
Pij (Yia, Yja, t)) Pik(Yjos Yy t + 1)

and

(20)

Pijlik Wir¥ia|Yjns Uk1) Pijijk (Yivs YialYins Yke) Pijlin Yirs Y1 lYi2s Uka) Pijlik Wirs Y1 Y2, Yke)
7| Piglik Wir¥2lYin Uk) Pl Wi YgalYsns Yke) DigikWin Y5212 Uk) i ik (Wins YjolYso, i)
SR ik Wizysa Y50 Vi) Pijiik Wiz Uil U500 Uka) Pigije Wizs Y51 Y520 k) Di ik Wiz Yja Y0 Yke)
Pijlik WiaYja|Yjns Yk1) Pijljk Yiz YjialYins Yka) Pijijk Wiz YjalYios Yki) Pijiik Wiz YjolYia, Yke)

Our task is to define p;j;, in a way that preserves the conditioning struture. To do so, it is
convenient to first consider ring graphs and then extend to the full-connected case.

3. Graphical Topologies. Unlike the iteration model defined by (1), the model defined
by (18) is not in the form required for the direct application of the MCC theorem. As men-
tioned previously, our goal is to rectify this problem by defining a Markov equivalent repre-
sentation to which the MCC theorem does apply. We first consider a special case, where the
members of the chain form a ring, and then use those results to establish the fully connected
case where the probability of the future state of each member is conditioned on the present
states of all other members.

3.1. Ring Graph. A ring comprises an n-member multivariate Markov process {Y7(¢),
..., Y,(t + nd)}, that transitions from state Yj(¢t + i) = a; to the state Yii1(t + (¢ +
1)§)  a;, mod n, where § = L is the fractional time increment to transition from one
state to another, that form the path

201 Yl(t) — Yg(t + (S) - Y3<t + 2(5) — s> Yn(t + (TL — 1)5) - Yl(t + 1),
yielding the network graph

D21

Yi(t) Ya(t +9)

(22) Pi|n P3|2

Yo(t+(n—1)8) <— —— — Y3(t+20)
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where the cycle is completed at time ¢ + 1 with Y;(¢ + 1) replacing Y;(¢) and the cycle
continues in a clockwise orientation (the results will also apply to a counterclockwise orien-
tating convention), where each member is influenced by only its predecessor according to the
transition probability mass functions p;|; for i|j € {2]1,3|2,...,n|n —1,1|n}.

Starting at time ¢ = 0 and considering the network fragment Y;(0) — Y3(d), where
Y1(0) = o) at time ¢ = 0 and Y2(9) k= a, at time ¢ = ¢. The joint probability mass function
for {¥1(0), Ya(6)} = (al, a,) is

(23) p12(a/1aa276) :p2\1(a2|a/1)p1(a/170) )
where p, (a!,0) is the initial probability mass function for Y3 (0) = a/. The marginal proba-
bility mass function for Y2(9) & a, is

(24) pz(azv 6) = Zplz(alla Ao, 5) = mel(az |a/1) b (a/u 0) .
Now considering the fragment Y5(d) — Y3(24), the joint probability mass function is
(25) Das (a;7 Qs, 26) = p3\2(as |a;) pz(a/27 5)
with the probability mass function for Y3(26) & a, becoming
(26) Pa(2,20) = > | Paa(a}, a0,20) = > pa(aslal) ps(al, 5) .

Continuing this process, the joint mass function for the fragment Y;(i6) — Y;11(i + 1)0) is
(27) Pii+ (CL;, Aty (Z + 1)5) = pi+1|i(ai+1 ’a;) pi(a§7 Z(S))

and the probability mass function function for Y;,(i0) becomes

(28) pi+1(ai+17 (’L + 1)5) = Zpii+1(a;7 Ait1, (Z + 1>6) = Zpi+1|i(ai+1|a;)pi(a;a ’L(S)

a;
for:=1,2,..., mod n. Expressed in matrix form, this becomes
(29) Pir:((i +1)8) = Tp1,ipi (i0)
fori=0,1,..., mod n, where
. Di yimié)
(30) pi(id) = :

i (Yin,,10)
is the probability mass vector for Y;(id) and
pi+1\i(y(i+1)1‘yi1> T pi+1|i(y(i+1)1|yiNi)
€1V Ty = : :
pi+1|i(y(i+1)NH1 |yl1) T pi+1\i(y(i+1)Ni+1 ‘leL)

is the network member-to-network member transition matrix. Expressing this cycle with the
linkages represented by the transition matrices yields

T
Yy

Y,

(32) Tijn T2

Yo =—-—---1Y;
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Now define the closed-loop transition matrices

(33) T, = Ti\i-‘rn—lTi-i-n—Hi-i-n—z o 'Ti-‘r2|i+1Ti+1|i mod n.
Thus, after one cycle, p;(1) = T;p;(0), after two cycles, p;(2) = T;p;(1), and so on. After ¢
cycles,
(34) pi(t+1) =T;pi(t) = TiTipi(t — 1) = --- = T/7'p;(0).

We may now apply the Markov chain convergence theorem to generate the steady-state
probability vectors, denoted

(35) p; = lim p;(¢) = Jim T;p;(0),
with
Pi(Yi)
ﬁ(yz)
(36) pi=| | i=1..n
as the eigenvectors corresponding to the unique unit eigenvalues of 15, i =1,...,n.

3.2. Fully Connected Graphs.

3.2.1. Non-Self-Influence Network Graphs. We now extend to the fully connected graph
case without self-influence, where the probability of Y;Y} (¢ + 1) I (a;,a;) is conditioned on
YiYalt) - (d, ) via

(37) pilasaj,t+1) = > pynlas, aglaf, af)pje(a), af, )
ajay,
which, expressed in matrix form, is
(38) Pij(t +1) = T;;;6Psx(1) -
As stated earlier, this expression is not in the form as required for (35) and, therefore, the
Markov chain convergence theorem cannot be directly applied.

To proceed, we now invoke the critical observation that a graph of a network is only a rep-
resentation of the network, and representations are not unique. Our challenge is to identify
a representation of the network to which the MCC theorem applies. Based on our observa-
tion that the convergence of a multivariate Markov chain involves the convergence of the
probability of the complementary subset, we are motivated to create an alternative graphical
representation of a multivariate Markov process as a ring graph with the vertices comprising
the complementary subsets and edges as joint transition probability mass functions to be de-
fined in such a way that the transformed graph preserves the conditionality structure of the
original graph.

Consider the three-vertex network graph whose directed edges are transition probability
mass functions of the form p;;;, for i|jk € {1|23,2|31, 3|12}, where j, k are ordered such that
1 precedes j precedes k (which now precedes 7) with a clockwise rotation, as time progresses,
yielding the network graph (termed the original graph)

(39) Y;
Ve —— =Y
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and introduce another graph according to the following definition.

DEFINITION 3.1.  Given a fully connected network graph with vertices {Y;, i = 1,...,n}
and edges {p;—;, i = 1,...,n}, the complementary network graph is a hub- spoke graph
with the hub comprising a rlng with vertices {Y_;, i =1,...,n} and edges p_;_(j4,), i =
1,...,n} termed the complementary transition probablln‘y mass functions, and spokes with
vertices Y; and edges {p;_;, i=1,...,n}.

The complementary network graph corresponding to (39) is®

(40) Y;
T DPi|jk
Y;Yy,
PJV Yijk
Y3Y; YY)
Pkilij
P.yy Yj\ln
Y; Y

for ij|jk € {12|23,23|31,31|12}, with the transitions assuming a clockwise orientation
YiYj(t) = YiYi(t + 0) = Y;Vi(t + 26) — Y;Y;(t + 1) (with § = 3).

We have now generated two network graphs (39) and (40). Analogous to the ring graph dis-
played by (22), the dyadic vertices of the complementary network graph (40) are connected
by complementary joint-conditioning/joint-conditioned transition probability mass functions
Pij|jk- yet to be defined. To proceed, let us focus on the graph fragments (15) and (16), which
we repeat here, since this is a critical part of our development. The fragment from the original
graph is

(4D ;(t) Yi(t)
Y;(t+1) Yilt+1)

and the corresponding complementary graph fragment is

(42) Y; Yy (t)

YiY;(t+1) -
Pijlik
Our goal is to define p;j; such that the conditioning relationships for graph (42) are
equivalent to the relationships for the graph (41). Such an equivalence is referred to as Markov
equivalence [1, 3, 7, 13], meaning that the graphs have the same conditioning structure.

3In graph-theoretic parlance, a complementary graph or, more specifically, a complementary edge graph, is
a new graph with the same vertices as the original graph, where the edges are complementary, meaning that
edges between vertex pairs appear in the complementary graph if and only if there is no edge between the same
vertex pairs on the original graph. By contrast, a complementary vertex graph is a new graph whose vertices
are the complementary subsets Y_;, rather than Y}, as with the original graph. Markov equivalent networks and
complementary vertex graphs have been employed by [25-27, 32] for application of multiagent Markov chain
theory to social influence networks.
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To establish Markov equivalence, we proceed by applying the chain rule to obtain the
factorization

(43) Pijljk(ai, azlay, ap) = pjjiri(ajlal, ay, ai) py e (ailal, az) .

Now consider the probability mass function pj|;x;(a;|a}, aj,, a;), which we must define. We
first stipulate that Y} (¢ 4+ 1) must not depend on Y;(t + 1), which may be achieved by requir-
ing pjjjriajlaj, ay, ai) = pjjr(ajla}, ap). However, pj . (aj|a}, a; ) still presents a problem
since it requires the existence of a self-loop edge Y;(t) — Y;(¢t + 1) such that Y;(t + 1 = a;
is influenced by Yj(t) = a;-. But this model does not allow self-influence and, therefore, no
such self-loop edge can exist. A natural way to deal with this situation is to insert a degener-
ate self-loop edge Y;(t) — Y;(t + 1) into the network that has no net effect, which we may
achieve by defining p; ;;, as a degenerate transition probability mass function that ascribes its
entire mass to a; = a’;, yielding

1 ifa;=d
44 - a}a/"a/ _ J J
(44) pjiir(a;lag. ai) {0 otherwise.
Substituting (44) into (43) yields
s Al pi|jk(ai‘a/‘va;c) if aj = dj
45) pij|jk(al7a3|aj’ak) - {0 ’ otherwisz:,

which ensures that the conditionality structure is preserved and, therefore, the complementary
network representation is Markov equivalent.
The complementary transition matrix from the dyad Y;Y} () to the dyad Y;Y; (¢t + 1) is

Dijlik Yins Yia [V Yk) Dijlik (Yins Y| Y Yka)
Dijlik Win Vi Y0 Ykn) Pijlie Yins YialYsnr Yz
Dijlik Yizs Yja Y, Yk) Pijljk Yizs Ysa | Y Yka)
pij|jk(yi27 yjz‘yju Yki) pij\jk(yiza yjz‘yju Yks)

Tijljk =

(46)
pij|jk(yi17 Z/j1|?/j2a Yki) Pz‘j\jk(yin yj1|yj2a Yks)
Dijlik Yivs Yja|Yjar Ykr) Dijljk (Yiss Ysa| Yjos Yka)
pij|jk(yi2’ yj1|3/jza Yk1) pij\jk(yim yj1|yj27 Yk2)
Dijljk Yiz Yja|Yjar Yk ) Dijljk (Yizs Ysa| Yjos Yka)
Substituting (44) into (65) yields

Pilik Wil Yj0s Ykr) Difji (Yir Y5 Yka) 0 0
0 0 A s A s
47) ﬂj|jk‘ _ N ( A ’ A ) N ( A ’ A )p’L|jk(yZ1(’)y]27yk‘1)p’L|]k(yZ1(’)y]2>yk2)
Pi|jk\Yiz|Yj1, Yk1) Pi|jk\Yiz|Yj1, Yk
0 0 ik Wiz|Yjz Yk ) Diljk Yial Yjos Yka)

The closed-loop complementary transition matrices are

(48) Tij = Tijijn Tk ki T ki -
After t cycles,
(49) pij (t) = T};pi; (0).

Extending this development to the general fully connected case, (49) becomes

(50) p-i(t) =T ;p_i(0),
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where
(51) T =T (it T (i) —(ite) T (i—1)|—i mod n,

which is now in the form required for the application of the MCC theorem to the ring with
vertices Y_;, yielding steady-state complementary probability mass functions

ﬁ—i(y(iJrl)l? s 7y(i+n)1)
(52) P = :
]7971' (y(i+1)N,;+1a e 7y(i+n)N,-+n)
Finally, the steady-state probability mass functions are computed via (18), yielding
(53) P =T;—iP—i-

The following special cases illustrate the flexibility and power of the complementary net-
work representation.

Case I: Consider a three-member chain with graphical representation

(54) Y;

P12
/p231

=
| -, ¢
P32

yielding

T — _p1\2(y11|y21) p1\2(y11|y21) p1\2(y11|y22) p12(3/11|y22)]
1|23 —
_pl‘2(yl2|y21)’ p1‘2(y12|y21) pl‘Z(yll‘yzQ) pl‘Q(y22|y22)

ssy T — [ D11 (Yo [, Y1) Doiss (Yo [Ysas Ynn) Dojss (Yo [Ysos Yir) Dojss (Yo [Yss i)
( ) 231 —
| Dajor (Yoo |[Ysrs Y1) Daior (Yoo | Ysr Yi2) Daor (Yoo Yoz, Y1) Pojae (Yor [Yszs Uia)

)
- _ps\z(ygl‘ym) p3|2(y31‘yz1) p3\2(y31’y22) psz(y31’y22):|
3112 —
| Dajo (Yo |Yor) Psjz(Ysa|Yar) Poja(Ysi|Yoo) Dajo (Yaz|Yaz)

and

Dai(Yi1|Yar) Prio (Y1 | Yor) 0 0
T _ 0 0 Pup(¥i|ys2) Pro (Y1 [Y2)

2 D (Yra|Yor) P (Yo |Yar) 0 0
0 0 p1|2(y12|y22) p1\2(y12 ’ym)

_p2\31 (ym ’ysu y11) D231 (y21|y317 y12) 0 0
0 0 Paiss (Yor [Yszs Yir) Pajor (Yo [Yazr Yiz)
56 1’123 o= |3 329 13 329
( ) ‘ D231 (ym’ysnyn) D231 (y22|y317y12) 0 0
0 0 p2\31(y22‘y327 yu) D231 (y22’y327 y1z>

p3\2(y31 ‘yzl) Dsj21 (3/31|y21) 0 0
T — 0 0 p3|2(y31|y22) p3\22(y31|y22)

ST Do (Yo |Yar) Dapa (Ysa o) 0 0
0 0 Do (Yaa|Yo2) Psjo(Yaz|1e2)
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Case II: Consider the three-member network with acyclic network graph

(57) Y

pzy \
P3|12

Ys

Y3

where Y] is a root vertex governed by the unconditional probability mass function p,. Al-
though this network contains no cycles, we may still identify the complementary network
graph of the form (40) with transition matrices

T = _pl(yll)pl(yu)pl(yll)pl(yll)}
1 _pl(ym) D (ym) D (ym) D1 (ym)

_ [P W 912) Pois (Y1 [912) Py (Y Y1) P (Y [912)
(58) Ty
| a2 (Y [Ys1) Do (Yoo |Yi2) Doy (Yoz, Ya1) Doy (Yoz|Y12)

(
T _pg12(y31!ymy21)ps.lz(ygllymyzz)p312(y31\y12,y21)pm(ygl!ymyn)]
3(12 —
7p3\12(y32’y117y21)p3|12(y32|y117y22) p3\12(y32‘y127y21)p3\2(y32’y127y22)

and
_pl(yn) pl(yn) 0 0
T — O O pl(yn) pl(yn)
22 g (Ya) P (Y1) O 0
| 0 0 pi(Ys2) Pi(Y2)
[ Doty (Yor |Y12) Dorn (Yo [921) 0 0
0 0 Dot (Y1 |Y12) Doty (Yor | Y1)
59 T23 31 — ‘ I
O T = | b (yal) pos () O 0
| 0 0 p2\1(y22‘y12) p2|l(y22|y12)
_p3|12(y31|y117y21)ps\lz(ysl‘yluyn) 0 0
T _ O 0 p3\12(y31|y127y21) p31\2(y31|y12ay22)
s p3|12(y32|y117y21)pa\lz(yw‘yn?yzz) 0 O
B 0 0 p3\12(y32|y12ay21> p3|12(y32|y127y22)

This special case reveals an important feature of complementary network graphs,
namely, that the complementarity does not depend on the existence of cycles. Thus, even
an acyclic network can be represented with a complementary network graph with appro-
priately defined linkages.

Case III: Consider the three-agent transition graph in (6) (left graph) with marginal-condition-
ing transition probabilities p;|; for i|j € {1]2,1]3,21,2[3,3|1,3|2} rather than the joint-
conditioning transition probabilities p; ;;, for i|jk € {1|23,2]31, 3[12}. Of course, we can
certainly fall back on Ching’s approach as defined in Section 2.1, but a precise theoretical
justification for that methodology has not yet been produced. An alternative is to incorpo-
rate the marginal-conditioning functions into our more general methodology. The general
form for the time-updated marginal probability is

(60) pi(a;t+1) = Z pijk(ailaj, ai) pjr(aj, ag,t) .
ajay

However, this is not the model we are given for this case. A possible way to deal with
this situation is to introduce the notion of conditioning independence, and to stipulate that
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Y; and Y}, are conditioning independent with respect to Y;, which implies that the joint-
conditioning function p;);1.(ai|a;, aj,) can now be factored into the form

(61) pijr(ailal, ay) = pyj;(aila}) pye(aday) .
Conditioning independence is the converse of the conventional notion of conditional inde-
pendence of Y; and Y}, given Y;, which would yield pj|;(a;, axla:) = pjji(ajla:) pyji(ak|ai).
The concept of conditioning independence is not found in conventional treatments of prob-
ability theory, but it enjoys an intuitive appeal similar to the intuitive appeal of conditional
independence, namely, that the conditional probability given a joint event is the product
of the conditional probabilities given the marginal events. The notion of conditioning in-
dependence of Y; and Y}, with respect to Y; requires no assumptions regarding either the
independence of Y; and Y}, or of the conditional independence of Y and Y}, given Y;.
Substituting (61) into (60) yields

(62) pi(ai,t+1) = Z pijj(ailal) pi(ailay) pjr(a}, ag,t)

ajla;,
which, in matrix notation, becomes
(63) pi(t +1) = TijrPjk ,
which is the same model as (2) with

. [pi|j(yi1’yjl)pi|k(yi1|yk1)pij(yi1|yj1)pi|k(yi1’yk2)
W pagy Wia 950) Pigk Wil ) ity Wialy50) Digk (Wil )

pi|j(yi1 |yj2)Pi\k(yi1|yk1) pi|j(yz‘1\yjz)l?i|k(yi1 |ykz)]
il (Yia|Ysz) Pije (Yiz[Yk1) Difj (YialYsz) Pige (Yia|Y2)

The complementary transition matrix thus becomes

il Wi |Y51) Ptk Yir | Yk ) i (Yin|Y52) Piie (Vi [ Yk2)
T = 0 0
R p i Wil i) i (Wialyks) Py Wiy i (VialYk=)
0 0

0 0
iy (Yirlvsz) P Yin [Yra) Pits (Yinlvsa) i (Yin [Yk=)
0 0

(65)

pi\j(yi2|yj2) pi|k;(yi2 Y1) pilj(yiz|yj2) pi\k(yi2|yk2)
which conforms with (48). Thus, the MCC theorem can be applied to (49).
3.2.2. Self-Influencing Network Graphs. When self-influence exist, the transition prob-

ability mass functions are of the form p;|; _;(a;|aj,a’ ;). The corresponding network graph
for a three-member network is

(66) Y;

With this model, the transition function for each Y;(¢ + 1) is conditioned on the states of
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all processes, including itself, at time ¢. To keep the discussion as simple as possible, we
continue to focus on a three-member fully connected (including self-influence) Markov chain
and extend the analysis by considering the hub-spoke ring network graph with the vertices
comprising the triads

(67) YiY;Yy(t) = YaYiY;(t + 6) — Y;YiYi(t + 26) — YiY;Ye(t + 1)
and edges p;jk|jki> Prjilijk @0d Djkijrij»> as 1llustrated by the following graph:
(68) Y,
T Pilijk
YiY;Yi
YiYiY; — VY3
py Pjki|kij %H
Y; Yi

We follow the non-self-influencing procedure by applying the chain rule to obtain
(69)  pijuijni(ai, aj, arla), ay, at) = prjjrii(arla), ay, ai, ai, az) pijjni(ai, azla}, ay, ai) .
A second application of the chain rule yields
(70) Pijljki(ai, azlal, ay, ai) = pjiwi(ajlal, ag, ai, a;) pijjri(adal, ay,, al) .
To achieve Markov equivalence we require Yy (t+1) &= ay given {Y;(t), Yi(t), Yi()} = (a}, aj,, a})
to be independent from {Y;(t + 1), Yy (¢ + 1)} k= (ai, a;), thereby yielding
(71) Prljkiij (aklas, ay,, ai, ai, a5) = prjjpi(aklal, ay,, ap)
and, by a similar argument,
(72) pjijkii(asla), ay, al, ai) = pjei(ajlal, ay, ap) .
Thus, Markov equivalence is achieved by substituting (71) and (72) into (69), yielding
(73)
pijk|jki(ai,ajyak|a}7 a;g, a;) = pk|jki(ak|a3'7a;gv a;‘)pﬂjki(aj‘a;‘a a;f7a;c)pi\j'k’i’(ai|a;7 a;g, a;) .
Let p;ji(t) denote the unconditional probability vector at time ¢ for this scenario and
define the transition matrix
(74)
pz‘jk|jki(yiuyjuyk1|yj1aykuyi1) pijk|jki(yinyj1uyk1|yijuyka>yiN,-)
Tij|jri = : : :
Pijkliki Yinis Yings Yens [Ygns Ykas Yin) =+ Digiliki Yinis Yjn s Ykns [Yin; > Yhens Yin:)
for ijk|jki € {123|231,231|312,312|123}. Then
(75) Pijk(t + 1) = Tijntini Tirilnis Trijlije Pijk (t) = TijrPijn(t)

Tijk

where T, is the closed-loop transition matrix. We can now apply the MCC theorem to obtain

(76) Pyjr = lm T};1.pijr(0),
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from which we can deduce the steady-state individual probability vectors
(77 Pi = LijijkPiji -
where T}, is the transition matrix populated by p;|;;,. for i|ijk € {1]123,2(231, 3[312}.

4. General Algorithm. The application of network theory to Markov chains requires
the creation of a complementary network graph to represent the network. The graph defined
by (40) illustrates the role of the complementary subsets, which form a ring to which the
Markov chain convergence theorem can be applied to generate steady-state complementary
probability mass functions, which can then be used to generate steady-state individual prob-
ability mass functions. This methodology for the non self-influence case is summarized by
theorem 4.1 below. The methodology for the self-influencing case can be established with
the appropriate modifications.

THEOREM 4.1 (Markov equivalence of complementary network representations). Con-
sider the multivariate Markov process {Y1(t),...,Y,(t)} originally represented by a graph
with the Yi(t)’s as vertices and the transition probability mass functions Pi|—; as edges. Let
us define the complementary network graph with vertices comprising the complementary
subsets and edges defined as

(78) p—n|—1(a*n al—l) = pl:n—1|2:n(a17 s ,an71|a;, ce ,Cl,ln) =
pyi(aslal,...;al) if (ay,...,an—)=(al,...,al,_))
0 otherwise,
(79) p—1\—2(a71|a/—2) = pz:n|3:1(a2a cee 7an|aga cee aa;m all) =
Poa(aslal, ... al,dl) if (as,...,a,) = (al,...,al)
0 otherwise,
continuing,
(80) pf(n71)|fn(af(n71)|a/—n) = Pn:(n—2)|1:(n—1) (aTH gy ey an—?‘agv ERR) a;szv a’;'Lfl) =
Pnj—n(anlal,...,;a,_) if (a,...,an-0) = (d},...,a;_,)
0 otherwise,

where indexing is mod n, that is, 3: (n + 1) mod n=3:1 and so forth. Then the original
representation and the complementary representation are Markov equivalent.

The proof of this theorem is by construction. We begin by establishing the result for
D—n|—1 = Din—1|2:n displayed in (78), with the results for p__5 through p_(,,_1)—, es-
tablished similarly. We first factor the complementary transition probability mass function
P_n|—1 a8

/ / /
(81) pl:n—1|2:n(a17 R an—l‘aw vt 7an—17an) =
/ / /
pn—1|1:n—2,2:n(an—1|a17 A yan—z’ a27 A 7an—17 an)

/ ! !/
Drm—zom(Qyy .oy ps, sy ar . ay)
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! a),_.,al) is a degenerate mass func-

and notice that py, . |,.p—s o (An—1 |y, - An—z, @y ... a7,
tion, since it involves the conditioning component a/,_, and the conditioned component a,,, .

Thus,

. /
1 ifap—, =a,_,

/ / /
(32) pn—1\1:n—2,2:n(an*1|a1a"-7an727aza"'van—1aan) = .
0 otherwise.

We next turn our attention to the complementary transition probability mass function
Di:n—s2,2:n, Which may be factored via the chain rule to yield

/ !/
(83) p1:n—2,2:n(a1a sy Qpegy gy v vy an) =
!/ / / /
pn—2\1:n—3,2:n(an—2‘a1a ceeyAp—3zy Ay e e van)pl:n—3,2:n(a1a ey gy s )
. . , I
and we immediately observe that p,,_,|,.n—s 20 (An—2|0:, - .., an—s,a, . .., ay,) is degenerate

since it involves a,_, as a conditioned state and a/,_, as a conditioning state, yielding

: /
1 ifa,—,=a,_,

/ /
(34) pn—z\1:n—3,2:n(an*2|ala sy Ap—3y Ay e e ey an) = .
0 otherwise.

Continuing to the final factorization,
/ !/ / / / /
(85) p12(a1, a2|a’27 EERN) a’n) = p2\1:n(a2|a1) a,... van)p1|2:n(al|azv s ’an) )
where p, ., (az]a,, a;. .., a,) is degenerate, yielding
1 ifa,=a
(86) p2\1:n(a2|a17a;"'7a;1) = o
0 otherwise.

Combining all of these factors (omitting arguments),

(87) Pin—i|2:n = Pn—i|in—2,2n Pn—2|imn—s,2n """ Pa|i:nPi|2:n
becomes
(88)
/ / : !/ !/
, , Dipanlailal, ... al) if (ay,...,an—,) =(al,...,a,_
pl:n—l\zn(alv---van71|a2a---aan): tlzm ” T 7 ’ o T

0 otherwise,

which establishes (78). Establishing (79) and (80) is obtained by similar arguments. The
complementary transition matrices are obtained via Theorem 4.1, yielding

pl:n—uz:n(ylla o Y(n—1n Yo, - Yn1)

pl:n71‘2:n(ylla e ay(n—1)2|y217 Y1)
T, .

n—1|2m =
pl:n71\2:n(le17 e Yn—1N,_q Y21, -+ Yn1) -+
(39)
pl:n—1\2:n(ylla ceey y(n—1)1‘y2N2; .. ~ynNn)
pl:n—l\Q:n(ylla ) y(n—1)2‘y21\12; .. oynNn)
pl:n—1\2:n(y1N1a o Ym—1N, 4 [Yangs - - Ynny)
(90)
p2:n‘3:1(y217'"7yn1|y317"'7y11) p2:n‘3:1(y21a~--ayn1|y3N37"'ay1N1)
p2:n‘3:1(y217'"7yn2|y31v"'7y11) Pz:n\gzl(yzh~~~,yn2|y3N37-~~ay1N1)
T2:n\3:1 = . .

pQ:n‘Szl(yQsz .o aynNn|y317 cee 7y11) e p2:n|3:1(y2N2a ce 7yTLNn|y3N37 “ee 7y1N1)
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and, continuing,
1)
pn:(n—2)|1:(n—1)(yn17 e ay(n—2)1|y11a e 7y(n—1)|1)

Pn:(n—2)|1:(n—1) (Yn1s- - y(n—2)2|y11a e vy(n—1)|1)
Tn:(n72)\1:(n71) = .

Pn:(n—2)|1:(n—1) (Ynnns - 'Y(n—2)N,,_o Y11, 7y(n—1)|1) T

pn:(n—Q)\l:(n—l)(ynlv e 7y(n—2)1|le1 RER) y(n—l)Nn,l)

pn:(n72)\1:(n71)(yn17 e ay(n72)2|y1N1a ¥ m—1N,_,
pn:(n—Q)\l:(n—l)(ynNn 1o Y(n—2)N, _o |y1N17 RRE) y(n—l)Nn,I)

The notation for these matrices is unavoidably complex, and the reader is invited to examine
the subsequently introduced four- and five-member networks as an aid for following the
generation of the general n-member network. The closed-loop transition matrices are

(92) T =T (i T (i)~ (it2) - T (i—1)|—i mod n.

Thus, as time progresses, the complementary mass functions evolve as
(93) p-i(t) =T-;p—i(t — 1)

and applying the Markov chain convergence theorem generates the steady-state complemen-
tary probability mass functions p_; as the eigenvectors corresponding to the unique unit
eigenvalues of 7__;, denoted

—1

Py (Yors ey Yma)
(94) P, = :
Py (Yonss -+ Ynn)
Pey(Yars -+ Yn)
(95) P_.=
Py (Yangs s Yiny)

and, continuing,

T)—n(ylla s 7y(n—1)1)

(96) Pn= :
ﬁ—n(leu s 7y(n71)Nn,1>

The steady-state utility mass functions are computed as

Pi(Yir)
97) P = : =T;-P_i,
with
98)
Pil—i Wi lYG+1)1s - > Yrnn) 0 Pijmi Wi [Yion, o Yitn)visn)

Ty =

p’L|*Z(yZN1

pi|—i(yi2|y(i+1)1, .

y(’i+1)17 i

7y(7j+n)1) to pi\—i(yi2|y(i+1)N1+17 v 7y(i+n)Ni+n)

. 7y(i+n)1) © Pi)—i (y2N1 Y(trun, 0 ?y(’i+n)N1‘+n>

mod n.
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4.1. Four-Member Networks. Consider a four-member network with original graphical
representation

—
S ¢

99)

"
i Y

where the transition probabilities are defined by p, 554, Dajzars> Psjarzs a0 Pyjios.
The complementary network representation for the triads

(100) (Yi(£)Y;(t)Yi ()} for (ijk) € {(123), (234), (341), (412)}}
is
(101) Y, Ys
Tijzs Tajara
Thiaizs
Y1Y2Ys YiY1Ys
T123)234 Ts41)412
YoY3Y) - Y3Yi¥1
Ty 234 o Tosan
Y Ys

Successively applying the chain rule yields (suppressing arguments)

(102 Pijk|jkl = Pklijjkl Pij|jkl
= Pk|ijjkl Pjlijkl Pi|jki -

Eliminating redundant conditioning terms yields

(103)  pijrijm (i, aj, alal, ay, ap) = pyjijr(arlai, aj, ay, ap) pjie(aslaq, aj, ay., ap)
/ / /!
pi\jkl(ai|ajvaku ay)

Thus, the transition mass functions py;;x; and pjj;;r; are degenerate, and must place all of
their mass on the conditioning states, yielding

: o
1 ifa,=a

104 gkt (alai, a, aj,ap) =
(104) Pijijri(ak|ai aj, ay, ap) 0 otherwise

and

/.
J
0 otherwise,

1 ifa;=a
(105) pj|ijkl(aj|aiva;aa§wag) = { ’



MULTIVARIATE MARKOV CHAINS 21

which ensures Markov equivalence. Thus,

(106)
Tijk|jk =
[ Da ikt Wi lY515 Yk Yin) PairaYinlY515 Yk Yia) 0 0
0 0 Pkt WirlYj1s Ykzo Yin) Pijjrr(YinlYjns Ykas Yiz)
0 0 0 0
0 0 0 0
Piljkt Wi2lYj1: Ykzs Yin) Pifjkt WialYj1s Ykas Yiz) 0 0
0 0 Pkt WialYj1s Yk Yin)) Pijjra Wiz i1, ko, Yia)
0 0 0 0
B 0 0 0 0
0 0 0 0 ]
0 0 0 0
ikt Wi Yjas Y1 Yin) Pijir (YinYjas Yk Yia) 0 0
0 0 ikt WirlYj2: Ykas Yin) Piikt WirlYs2, Yo s Yia)
0 0 0 0
0 0 0 0
ikt WialYjor Yr1 Yin)) Pifjnt YizlYiz, Yir s Yiz) 0 0
0 0 ikt YizlVjzs Yk Yin) Pijrt YizlYjzs Ykzs via) |

The closed-loop transition matrices are
(107) Tijke = Tijkjra L eni Trijii Liijlijn

for (ijkl) € {(1234), (2341), (3412),(4123)}. The complementary probability mass func-

tions are the eigenvectors P, of the unit eigenvalues of T;, for ijk € {234, 341, 412, 123},

from which the steady-state utility functions are obtained, for a 4 x 2 network, via

(108)

o [pi|jkl(yi1|yj1ayk17yl1)pijkl(yilyjhykhylz)pi|jkl(yi1|yj1ayk2ayl1)pijkl(yhyjlaykzvylz)
i ikt Wizl Yj1s Yk1s Yin) Pifjrr Wiz lYi1s Yk Yiz) Pt WizlYin Ykas Yin) Piika YizlYjns Yk Vi)

Pil et Wir Y525 Yk Yin) Pil et Wi Y520 Ykas Yiz) Pij et Win|Y520 Ykas Yin) Pij et Wi Y525 Yk Yio)
Piljkt Wiz Yj2: Yk Yin) Pifjkt WialYjos Ykrs Yia) Pij ikt Wizl Yjzs Yo Yin) Pijjrt Wiz Yj2s Yks Yi2)

yielding

(109) Pi = Ti|jiPjm

with

110 | P s

o .= o]

and xx
_ngl(yguykl,yh)
ijz(yguykl,yh)
p]kl(y]17yk2)yll)

— Pt (Yjis Yra» Yiz)

111 o= | P

( ) p]kl p]kl(yj27yk'l7yll>
pjkl(y]27ykl7yl2)
Pikt(Yjos Ykas Yi)
| Pkl (Yjzs Ykas Yi) |

for i|jkl € {1|234, 2|341, 3]412, 4|123}.
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4.2. Five-Member Networks. Consider a five-member network comprising {Y7, Y, Y3, Yy, Y5}
with original-form graphical representation

Y

Ys Y
(112)

L

Y, -

Y3

and transition probability mass functions pus.5» Pajsasis Psjasizs Pajsizs. and Dspr5.. The compo-
nents of Y_;(¢) are the quadric elements Y;(¢)Y; (¢) Y5 (¢)Y;(¢) € {(1234), (2345), (3451), (4512), (5123)},
and the complementary network graph is

Y5
T5)1234
Y1YoY3Ys
T1234)2345 T5123)1234
Yi Ti1|2345 Ty5123 Y
~— _
YoY3YyYs Y5Y1YoYs
(113)
T2345/3451 Tis12/5123

}/3}/4Y5Y1 Y4Y5)/1Yé

T3451|4512
/7‘23451 T3|4512\

Ys Y3
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Successively applying the chain rule (suppressing arguments) yields
Pijkl|jkim = Pllijkjkim Pijk|jkim
(114) = Dl|ijkjkim Pklijjkim Pij|jkim
= Pllijkjkim Pklijjkim Pjlijklm Pi|jkim -

The functions py|;jxims Pklijkims a0d Pjjijkim are degenerate mass functions, thus

(115) pijkl|jklm(ai7ajv A, al|a;‘7 a’§ma27am) =

pi|jkzlm(ai’aj7 ag, ag, am) if (aj7 ag, al) = (a;W a;g? a;)
0 otherwise,

which preserves Markov equivalence.
The transition from Y2(¢)Y3(¢)Ya(t)Y5(¢) to Yi(t + 1)Ya(t + 1)Y3(¢t + 1)Ya(t + 1) for a
5 x 2 network is the 16 x 16 matrix T'254515 = [tijki, mnpq) Where

tijkl,mnpq = D1234j2345 (ym Y275 Ysk Yal |y2m7 Ysns Yap, ysq)

(1 16) _ D1j2345 (y1i|y2j7 Ysk Yal, ysm) if (]) k;’ l) = (m) nvp)
0 otherwise.

is the entry in the 75 klth row, mnpqth column, with row indexing convention
(ijkl) € {(1111), (1112), (1121), (1122), (1211), (1212), (1221), (1222),

(2111),(2112), (2121), (2122), (2211), (2212), (2221), (2222)}

and column indexing convention

(mnpq) € {(1111), (1112), (1121), (1122), (1211), (1212), (1221), (1222),
(2111), (2112), (2121), (2122), (2211), (2212), (2221), (2222)}.

By similar arguments, the remaining transition matrices are
T2345|4512 = [tijkl,mnpq] with

tijkl,mnpg = Pasastas2(Yais Y Yak Yol | Yams Ysns Yaps Yoq)
at7) _ {pz3451(y2i!y3j,y4k,ysz,y1m) if (4,k,1) = (m,n,p)
0 otherwise ;
Tyusiasio = [tijkl,mnpq] With
tijkt,mnpq = Passiasiz(Ysir Yajs Yok Yat|Yams Ysns Yaps Yoq)

(118) _ p3\4512(y3i|y4may5nay1pay2q) if (]7k7l) = (m7n7p)
0 otherwise ;

T4512\5123 = [tijkl,mnpq] with
tijkl,mnpq = Dasi25123 (yu" Ysjr Yiks Yok |y5mv Yin, Yap, y3q)

(119) _ Pasrns WailYsms Yims Yops Ysg) 3 (G, K1) = (m,m,p)
0 otherwise ;
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and T.551035 = [tijht,mnpq] With
tijht,mnpg = Dsizsinzss (Ysis YaYoks Ysk| Yims Yon s Ysp, Yaq)
(120) _ {ps1234(y5¢|y1m,y2mysp7y4q) if (j,k,1) = (m,n,p)
0 otherwise .
The closed-loop transition matrices are

(121) Tijkt = Tijua|jkimLkimkimi L kimi|imij Limijimiik Lmijk|ijhi

for ijkl € {1234,2345,3451,4512,5123}.
The complementary probability mass functions are the eigenvectors P, j, of the unit eigen-
values of Tj;z,;, from which the steady-state probability mass functions are

(122) Pi = T jkimPjkim
with

12 T _ pi|jklm(yi1|yj1ayklayh?yml) pi|jklm(yi1|yj2aykzvylmymz)
(123) iljkim = | . D N

pz|]klm(yl2 ‘yju Yk1,Ylrs yml) pz|jklm (ym ‘ypa Yk2, Yi2s ym2)
and
ﬁjklm(yjlv Yj1s Yks yml)

(124) Pjkim = : )

Djkim (Yjos Yjzs Ukas Yme)

with entries descending in lexicographical order for i|jkim € {1|2345, 2|3451, 3|4512,
4]5123, 5|1234}.

5. Summary and Conclusions. We establish a methodology for determining the steady
state of a stationary multivariate Markov chain with joint-conditioning transition probabilities
Pi|—i: Ai| A—;i — [0, 1], rather than marginal-conditioning transition transitions p;|;: A;|.A; —
[0, 1] which in general, do not account for structural interrelationships that may exist between
members of Y_;. The key result of this approach is to establish the existence of a Markov
equivalent graphical representation of the original representation of a non-self-influence net-
work that admits the direct application of the Markov chain convergence theorem, which is
then extended to general multivariate Markov chains that admit self-influence (and,by direct
implication, reciprocal influence).

The distinguishing property of the complementary network graphical representation is
that, rather than the vertices comprising the individual members of the network with edges
comprising joint-conditioning/marginal-conditioned transition probability mass functions,
the vertices of the complementary representation comprise the complementary subsets and
the edges comprise joint-conditioning/joint conditioned transition mass functions that are
defined to be Markov equivalent to the original conditional mass functions.

This result has numerous potential applications, including to economic, sociological, po-
litical, genetic, ecological, robotics, and image modeling, machine learning, and neural net-
work engineering. For such applications it is most useful to model the probabilistic behavior
of each influence source in terms of the joint states of all sources, rather than to try to isolate
the dependency of each source separately. Indeed, it is not generally possible to deduce equiv-
alent individual conditional dependency relationships from joint conditional dependency re-
lationships.

A significant operational principle that emerges from this analysis is that the statistical
intra-relationships of individual influence generators within a group are determined by the
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statistical interrelationships between their complementary subgroups.This principle may in-
form the analysis and design of multiagent systems such as robots and of games involving
multiple subjects in an economics laboratory or in behavioral ecology experiments. Such
projects are facilitated by the design of experiments that generate joint-conditioning transi-
tion probabilities rather than focusing on marginal-conditioning transition probabilities (for
examples see [26, 27]

It is important to identify limitations of the approach. It cannot be applied in cases where
analysis depends on the strict directedness of graphs, for example in solving for extensive-
form equilibria of games by backward induction, even when such games involve learning
characterized by Markov processes [11, chapters 5 and 6]. However, even in such cases, our
approach can narrow the set of available equilibria by being used to model processes by
which game players arrive at shared priors for Bayesian updating during subsequent play.

The key practical achievement of the analysis is to extend the reach of Markov-chain
analysis to a wide potential range of contexts in which it has hitherto been inapplicable, by
relaxing the requirement of strict directedness of associated graphs.
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