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Abstract

Stochastic models are commonly used to estimate the risk preferences of
experimental subjects when the subjects’ choices show apparent violations
of Expected Utility Theory. While the descriptive properties of these models
have been the subject of much investigation, the normative consequences
of these models have not been the focus of much discussion. 1 discuss
the normative properties of two popular stochastic models of choice, the
Random Utility model and Random Preference model with respect to the
evaluation of expected consumer surplus. A thought experiment resembling
a classical money pump is proposed to evaluate the two models. Random
Utility models make intuitively satisfying normative statements about choice
behavior in this thought experiment, while Random Preference models do
not. I show that some efforts to alleviate this shortcoming lead to normative
under—identification, while others reduce the Random Preference model to a
heteroskedastic Random Utility model.
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1 Introduction

When presented with the same set of alternatives on multiple occasions,
some subjects in incentivized economic experiments do not always choose the
same option. In such cases, the weak axiom of revealed preference (WARP)
(Samuelson 1938) requires us to infer that subjects must be indifferent between
the two options.

When applying WARP, an observation of a choice of A over B is said to
reveal that the agent values A at least as much as B. When observing choices
from multiple tasks, the same utility function rationalizes all choices. Thus,
when choices appear to be inconsistent with a strict preference ordering, one
must infer that the agent is indifferent to the options presented to her if WARP
is maintained.

For example, when presented with the set of alternatives X = {A, B} twice,
and we observe the first choice is A and the second is B, we must infer A ~ B
under WARP. If two subjects, Anne and Bob, are presented with the same
set twenty times and we observe that Anne chooses A for the first nineteen
times, and B the twentieth, and Bob chooses B the first nineteen times and
A the twentieth, the same inference is made of both Anne and Bob: they are
both indifferent between A and B. Stochastic models relax the “interpretive
straitjacket” (Wilcox 2008, pp. 198-199) that would require us to infer that
Anne and Bob’s preferences over A and B are identical.

The ability of various stochastic models to adequately describe choice data
has been the focus of much investigation. Wilcox (2008) provides a detailed

summary of many of these investigations, and technical descriptions of the



properties associated with each of the models. Wilcox (2008) also describes
many “intuitively satisfying” descriptive predictions of different classes of models,
but warns: “If you are waiting for a stochastic model that is intuitively satisfying
in every way, you are waiting for Godot. Every stochastic model mutilates your
structural intuition in some distinctive way: There is no escape from this.”

My goal is to interrogate the extent to which the RU and RP models “mutilate”
normative intuitions about these models’ relationship with the welfare of agents,
as opposed to the many descriptive peculiarities discussed by Wilcox (2008) and
others. I begin by discussing metrics to assess welfare as expected consumer
surplus followed by more definitions and descriptions of the two stochastic models.
Section 4 discusses how these stochastic models interact with this definition of
welfare using a stylized choice problem, and the normative significance of these
interactions. I find that the RU model makes coherent normative statements
about welfare, but RP models do not. Section 5 discusses how the RP model
might be reinterpreted to allow for useful normative statements. This re-interpretation
requires that the median, not the mean, of the preference distribution be used
for normative analysis, and effectively transforms the RP model into a heteroskedastic

RU model.

2 Utility and Welfare

Stochastic models interact with EUT to predict the probability that an
option in a set of alternatives is chosen by an agent. The EUT of a lottery A

is defined as:

EUT(A) = ZP(%) X u(z;) (1)



where i indexes outcomes, z;, from {1,..., I}, u(-) is a utility function with the
standard properties, and p(z;) is the probability of outcome ;.

The utility function u(-) can take many functional forms, and can be normalized
in various ways.! Unless otherwise specified, however, the constant relative risk

aversion (CRRA) function will be assumed throughout the following for clarity:

u(z) = (2)

where 7 is the coeflicient of relative risk aversion (Pratt 1964).

A single choice scenario or task, represented by ¢, is a discrete set of mutually
exclusive options from which an agent chooses one to consume. I focus on the
binary lottery choice problem, where subjects are presented with two lotteries,
{A, B}, and asked to select one for payment. When presented with such a task,
a subject’s choices are rationalized under WARP by assuming a utility function
such that if A is chosen over B, then the utility of A is therefore at least as great
as that of B:

=A< AxB & UA) >U(B) (3)

where 3, = A is a variable that records which option A is chosen in task t.
For any lottery A, and any r, the certainty equivalent is the certain outcome,

CFE 4, such that an agent is indifferent between the lottery and the certain amount:

A~ CE4 < U(A) = U(CE,) (4)

IFor example, Hey and Orme (1994) normalize the utility of the highest outcome across all
lottery pairs presented to subjects to be equal to 1, the utility of the lowest outcome to 0, and
directly estimated the utility of the interior outcomes.



Combining (1) with the utility function defined in (2), the CF is:

~—

cr — (ot . 5

Thus, if we assume some value of  we can calculate the CFE of lottery A
for the CRRA utility function.? CFEs of options in a task usefully allow utility
to be normalized to the units of the outcomes. This CE approach is similar to
the “money-metric utility” function employed by Samuelson (1974) to calculate
welfare. The “money-metric” utility function is used as a normalized utility
function by, for instance, Diewert (1983) and King (1983).

The CFEs of lotteries can be used to define metrics characterizing the welfare
of an agent. If an agent is observed to choose lottery A over lottery B, the
difference in value of the chosen lottery and the lottery not chosen can be represented
as CF, — CEp. This is the opportunity cost of choosing CE 4 over CEg and is a

measure of the change in welfare:
AW = CE4 — CEp (6)

This welfare metric is analogous to the notion of compensating variation in
standard consumer theory. If equation (6) is positive, it calculates the minimum
amount of money an agent would need as compensation in order to change her
choice. If negative, it calculates the maximum an agent should be willing to pay

in order to change her choice. Changes in welfare over multiple tasks can be

2Tn general, the CFE of any lottery can be calculated with numerical methods even if an
analytical solution does not exist because the CFE must lie in the interval between the lowest
outcome and the highest outcome. Numerically, one can just iterate through this interval until
(5) is satisfied, or employ an optimization routine to look for the CE directly.



characterized by summing these compensating variations:
T
AWrp = t; (CE s — CERy) (7)

This method is employed to measure the welfare gains of subjects in experimental
settings by Harrison and Ng (2016), Harrison and Ross (2018), Harrison (2019),
Harrison, Morsink and Schneider (2020), and Gao, Harrison and Tchernis (2022).

Evaluating the welfare consequences of a set of choices ultimately requires a
theory to recommend what an agent ought to do, rather than rationalizing what
an agent was actually observed doing. What economic agents ought to be doing
is a subject of intense debate in economics. Most economic theory follows the
lead of Samuelson in accepting EUT as the prescription for what agents ought to
do, if sometimes begrudgingly, and almost always with the understanding that
observed behavior frequently violates EUT.3

There are other economic theories of what a rational agent ought to do,
many of which are collectively subsumed under the label of “bounded rationality,”
largely stemming from the work of Simon (1955). Some of these alternatives
provide guidance as to how the welfare of agents should be evaluated in their
respective, boundedly rational, contexts: see, for example, Salant and Rubinstein
(2008), Bernheim and Rangel (2009), and Manzini and Mariotti (2014). Regret
Theory (Bell 1982; Loomes and Sugden 1982), provides an alternative to EUT

that descriptively accommodates much of the aberrant choice phenomena described

3Marschak (1950, p. 127) when detailing axioms of rational choice comparable to the EUT
axioms of Von Neumann and Morgenstern (1944), describes a hypothetical agent, “Mr. Smith”,
who violates the theorems discussed by Marschak (1950). Marschak notes that “[...]the
procedure of testing whether Smith is ‘tolerably rational’ [...] is a statistical one.” Marschak
maintains the need for a model of deterministic rational choice while recognizing that observed
behavior may, even regularly, violate the prescribed model.



by Kahneman and Tversky (1979), and which Loomes and Sugden (1982, pp. 820-822)
argue is a normatively coherent, and descriptively attractive alternative to EUT.
Other alternatives to EUT intended to accommodate violations of EUT, such as
Prospect Theory (Kahneman and Tversky 1979; Tversky and Kahneman 1992),
Rank Dependent Utility theory (Quiggin 1982), and the Dual Theory of choice
under risk (Yaari 1987) accommodate deviations from EUT while still accepting
EUT as normatively correct.*

Economists have generally avoided suggesting that agents ought to make
choices stochastically,® but examples do exist. Fishburn (1978, p. 633) describes
the “incremental EU advantage model”; which he suggests “can be thought of as
a model for ‘rational” probabilistic binary choices in risky situations.” Machina
(1985) avoids labelling his proposed model of stochastic choice from deterministic
preferences as being a normative model of choice, but does defend it with regard
to supposed normative criteria, such as adherence to stochastic transitivity (p.
582) and path independence (p. 583). More recently, Cerreia-Vioglio, Dillenberger,
Ortoleva and Riella (2019) axiomatize a model of “deliberately stochastic” choice
which aims to capture and formalize the intuition of Machina (1985). They
show that their model explains particular violations of EUT, and prescribes an
optimal mixing over available options.

Apesteguia and Ballester (2015) define the “swaps index” to characterize
the minimal degree to which observed choices deviate from those predicted

by a rational preference relation, the “swaps preference.” In this formulation,

4Kahneman and Tversky (1979, p. 277) note that the departures from EUT predicted by
Prospect Theory, “[...] must lead to normatively unacceptable consequences.”

®Machina (1985, p. 582), noting this, suggests that economists may be “[...] less confident
of our moral certitudes in a world of stochastic behavior.”



the swaps preference relation defines explicitly what agents ought to do, and
the index defines the degree to which they’ve deviated from this prescription.
The swaps index is therefore taken as a measure of welfare for their stochastic
preference relation.

Though the requirements for this preference relation are weaker than those
imposed by EUT, in particular the independence axiom is not required, they
show (p. 1281) that the swaps preference can easily be extended to characterize
EUT, and the swaps index would then reflect the extent of deviations from
an EUT preference relation. Apesteguia and Ballester (2015, pp. 1288-1289)
additionally show how the RU and Tremble stochastic models can be derived
from the swaps preference. Notably absent however, is the ability to characterize
the RP stochastic model with the swaps preference.

The extent of the differences between traditional rational choice models
and alternative models of rational choice for agents, and the validity of the
arguments comparing and contrasting these theories, is beyond the scope of
the arguments I present here. The RU and RP models discussed subsequently
are typically used in the “neo—Samuelsonian” (Ross 2014, 2021) framework of
rationality in which EUT is taken as the normative reference, so no adjudication
of competing theories of rationality is necessary for the following discussion.
When stochastic models are intended to enhance the descriptive validity of
the neo-Samuelsonian framework which characterizes EUT, they must make
normatively consistent and coherent prescriptions within this framework. I

analyze the extent to which this occurs with the RU and RP models.



3 Stochastic Models

Mosteller and Nogee (1951) note that randomness in observed choices is a
well-known empirical regularly in the psychology literature; see, for example,
Edwards (1954). They propose (p. 374) a probabilistic interpretation of indifference
as the selection of alternatives with equal probability. This early accommodation
of randomness in choice data was a precursor to more formal treatment of the
phenomena in economics by Quandt (1956), Luce (1958, 1959), and Becker,
DeGroot and Marschak (1963) (BDM).

BDM discuss three versions of stochastic choice models: the Random Utility
model, the Luce or Strict Utility model, and the Fechner or Strong Utility model.
The Luce utility model is derived from the work of Luce (1959) while the Fechner
utility model is related to the psychophysics work of Fechner (1966).° The Luce
and Fechner models closely resemble latent index models well known to economics.
What BDM call the Random Utility model closely resembles what is sometimes
called a “mixed logit” (Andersen et al. 2012), or “random parameters” model.

There is some confusion when discussing naming conventions of stochastic
models. I follow the semantic distinction used by Wilcox (2008), and Apesteguia
and Ballester (2018), and refer to the Fechner class of models as Random Utility
(RU) models, and the successors of BDM’s random utility model as Random
Preferences (RP) models. This convention is not followed by Cerreia-Vioglio,
Dillenberger, Ortoleva and Riella (2019, p. 2426) who discuss random utility /preferences
as referring to the RP class of models, and RU models as models of “bounded

rationality” or “mistakes,” and Gul and Pesendorfer (2006) who refer to their

6The interpretation of stochastic choice by Mosteller and Nogee (1951) follows this
psychophysical tradition.



model of probability measures over utility functions as a random utility model.
RU models are not models of bounded rationality in the way that term is used
by proponents of the work of Simon (1955), but they are models of mistakes, as
will be discussed subsequently.

RU and RP models have been used extensively in the economics literature
to accommodate randomness in data from choice under risk experiments. The
RU model is ubiquitous in this literature; see Hey and Orme (1994), Hey (1995,
2001), Holt and Laury (2002), and Harrison and Rutstrom (2008) for a more
general review of choice under risk. Loomes and Sugden (1995) reformulated and
generalized BDM’s Random Utility model and reintroduced it as the RP model,
and versions of it have been employed by Loomes, Moffatt and Sugden (2002)
and Wilcox (2008). Additionally Gul and Pesendorfer (2006) propose a version

of the RP model that they call the Random Expected Utility model.

3.1 Random Preference Models

The RP model characterizes each observed choice made by an agent as conforming
to a deterministic preference relation which is drawn at random from a set of
relations whenever the agent is confronted with a choice task. While the set
of preference relations can have a discrete distribution, the RP model is most
commonly discussed in terms of utility functions with the relevant parameters
being continuously distributed according to some cumulative distribution function
(cdf), F (r | a), where a represents sufficient parameters defining the cdf. Thus,
the probability of choice in a RP model is simply the probability that a value

of r is drawn from the distribution F'(r | ) that would deterministically satisfy



that choice:

Pr(y = A) =Pr(r | U(A|r) = U(B|r)) (8)

Letting Q = {r | U(A|r) > U(B|r)}, and the density function f (r | a):

Priy=A)= [ _firla)dr (9)

An alternative formulation for binary lottery pairs with 3 outcomes is discussed
by Loomes, Moffatt and Sugden (2002, pp. 113-114) and again by Wilcox (2008,
pp. 214-215).7 Consider two lotteries, A and B, each with three possible outcomes
such that uy > uy > uz, U(A) = ¥X,_(1 23 Pitti, and U(B) = X1 2.3} G,
where p; is the probability of outcome ¢ in lottery A, and ¢; is the probability of
outcome ¢ in lottery B. Equation (8) can then be reformulated as:

Z Pilly — Z qiu; > 0) (10)

i=1,2,3 i=1,2,3

Pr(y = A) = Pr (ul, Usg, Us

Assuming a strictly increasing u, and setting v = (w1-42/u,—u3), this expression

can be written as:

Pr(y = A) =Pr (ul, U, Us

- ((pz — @)+ (P — ql)> > v) (11)

(pl - Ch)

Pr(y = A) = F <_ [(m —@2) + (1 — ql)] ‘ a) (12)

(pl - Q1)

where F(+) is some cdf of v with support over (0,00) and « is the vector of
sufficient statistics for the distribution. The random variable v contains all

utility-relevant information.® The formulation in (12) is useful because well-

"Loomes, Moffatt and Sugden (2002) and Wilcox (2008) discuss this formulation in
terms of Rank Dependent Utility (Quiggin 1982), and both restrict the probability weighting
parameters to be non-random.

8This can be seen by noting that u; and uz can be arbitrarily set to 1 and 0, respectively,
since utility is unique up to a positive affine transformation. The random variable v then

10



known distributions, such as the log-normal or gamma distributions, can characterize
the probability of a choice as a function only of the probabilities of the outcomes

in the lotteries.? It is limited in that it only applies to lottery pairs with 3 outcomes,
but this is not particularly unusual; Hey and Orme (1994), Hey (2001), and

Harrison and Rutstrom (2009) all use 3 outcome lottery pairs.

3.2 Random Utility Models

RU models are commonly formulated as having utilities of different options
in a set of alternatives determined by some “core” utility theory, and disturbed
by a median 0 random error term, €. A choice is characterized as having incorporated
this error. Assuming a binary choice scenario, the choice of option A is characterized

as:

U(A) +ex > UB) +ep )
[U(A) +ea] — [U(B) +e5] >0

Setting e4 — eg = €\, where ) is proportional to the standard deviation of €, we

can rewrite (13) as:

(14)
€>

Thus for RU models, the probability option A is chosen is given by:

Pr(y — A) = Pr <€ > i U(B) - U(A)])

- F (zW) (15)

collapses to 1=uz/u, with uz € (0,1).
9Loomes, Moffatt and Sugden (2002) use the log-normal distribution to model v.
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where F'is a cdf with median at 0. As A approaches 0, choice probabilities
approach 0 or 1, while as A approaches oo, choice probabilities approach 0.5.
Usually F'(-) is taken to be either the normal or logistic function, but this is not
necessary.

Several derivatives of the RU model further adjust the A\ parameter to introduce
heteroscedasticity to the error term. For example, the Contextual Utility model
of Wilcox (2011) multiplies A by the difference between the utility of the maximum
and minimum outcomes in {A, B}. Stronger Utility as proposed by Blavatskyy
(2007, 2014) is an extension of the “incremental EU advantage” model by Fishburn
(1978), which adjusts the A term such that lotteries that first order stochastically
dominant (FOSD) all other lotteries in the set of alternatives are chosen with a

probability of 1.1°

3.8  Descriptive Comparisons

The discussion of stochastic models makes it clear that they operationalize
stochasticity in different ways. These differences can amount to identifying
restrictions (Ballinger and Wilcox 1997; Wilcox 2008) on the stochastic model
or the underlying utility structure defining the risk preferences model. I briefly
note some of the descriptive consequences of the differences in the RU and RP

models; see Wilcox (2008, pp. 208-212) for more details.

O ottery A is said to FOSD lottery B iff:

1 I I I
Vui, Y pi = > ¢ and Iz, > pi > >

where p; represents to probability of outcome i in lottery A, ¢; represents to probability of the
same outcome 7 in lottery B, and the index i ranks the outcomes of lotteries A and B from
lowest to highest. All deterministic theories of utility require the dominant option to be chosen
over the dominated option.

12



Stochasticity is introduced in the RP model by the random draws of preference
relations from a preference distribution, F'(-). An obvious consequence of this is
that even though choices across tasks can fail to conform to individual preference
relations, the choice within a task must conform to some preference relation.
The RP model therefore does not descriptively allow for violations of FOSD.
Should A FOSD B, there is no EUT compatible preference relation that will
allow U(B) > U(A). Thus, if we observe a choice of B in such a scenario, the
RP assigns a probability of 0 to the choice.

Violations of transparent FOSD are relatively rare, but they do occur. For
example, the lottery pairs used by Loomes and Sugden (1998, p. 591) have ten
choice problems where one option FOSD the other, and several violations of
FOSD are observed. Likewise, Hey (2001, p. 14) includes 5 choice problems
where one lottery dominates the other, and observes several violations of FOSD.
Rather than discard these data, the RP model is generally combined with the
Tremble model (Harless and Camerer 1994) to allow for violations of FOSD. By
contrast, the RU model predicts violations of FOSD with positive probabilities.

Another difference in descriptive predictions between the RP and RU model
is their treatment of “common ratio effects” (Allais 1953; Kahneman and Tversky

1979). Consider two lotteries, A and B, comprised of outcomes j, k, and [, such

13



that:
EU(A) =(1—17r) x uj + 71 X uy,
EU(B) = (1 —7s) X u; +7s X y
j<k<l (16)
0<r<s<i1
0<r<1
It must be the case that either EU(A) < EU(B) or EU(B) < EU(A) for all

values of 7. This is easy to see by taking the difference between FU(A) and

EU(B) and noting that this difference is sign-independent of 7:

EU(A)— EU(B) =
=(1—7r) xuj+7r xup — (1 —78) xuj —rs xu;  (17)
=7[(s —7) X uj +r xXu,—s x|
The value of 7 does not change the sign of the difference in utilities. The RP
model therefore requires that Pr(A) must be the same for all values of 7, and for
any set of utilities u;, u, and w;. This is not the case for the RU model. For a
given value of A, lower values of 7 would result in lower Pr(A).

The RP model has other descriptive qualities. Apesteguia and Ballester
(2018) note that the RP model conforms to a notion of “stochastic monotonicity,”
by which they mean that as the density of the preference distribution shifts to
ranges of parameter values that imply greater risk aversion,!'! the probability
of a “risky” option being selected over a “safe” option monotonically decreases.

RU models, in general, do not share this property. However, the Contextual

"For the CRRA parameter in (2), and maintaining EUT, this means greater density on
higher values of r.
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Utility model of Wilcox (2011) does share this property for certain kinds of
lottery pairs. Wilcox (2011) calls this property the “stochastically more risk

averse than” relation.

4 The Stochastic Money Pump

With the definitions of welfare and stochastic models in hand, I begin the
discussion of the welfare implications of these models by first introducing a
decision problem which resembles the money pump argument against intransitive
structures in deterministic choice theory. For this “stochastic money pump”,
assume two binary lottery pairs, A = {X,Z} and B = {Z, Y}, over outcomes
{$5,$18,$19,$20}. The probability distributions over these outcomes are shown
in Table 1.12

Table 1: Probability Distributions for Lotteries

Probability of outcomes
$5 $18 $19  $20
X 0 0 1 0
Y 0 1 0 0
Z 01 0 0 0.9

Table 2: Possible Choice Patterns and Implied Preference Relations

Choice Set Preference Ordering

(X, 72} X=2sY
{(X,Y} XrY=2
(2,2} Z=XrY
(Z,Y} Y~ Z X

There are four possible choice patterns that can be observed from these two

lottery pairs: {X,Z}, {X, Y}, {Z,Z}, and {Z,Y}. Under WARP, these choice

12These lottery pairs are taken from from the insurance task of Harrison and Ng (2016,
p. 100).
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patterns imply the preference orderings shown in Table 2. For the choice pattern
{X,Y} we might also infer that it is possible that Y = X > Z, and likewise
for choice pattern {Z, Z} that the ordering Z > Y > X is possible. If X and
Y represented arbitrary lotteries, this would be the case, however, X and Y
represent degenerate lotteries and so Y > X would violate the monotonicity
axiom on = unless X ~Y ~ Z.

The first three choice patterns listed in Table 2 can all be rationalized without
resorting to declaring the agent indifferent to all options. Of interest here is the
fourth choice pattern, {Z,Y'}. Given X FOSD Y, under WARP we must infer
X ~ Y ~ Z. This is deeply unsatisfying as it implies $19 ~ $18.1% As with
the traditional money pump thought experiment, any agent that repeatedly
trades a certain amount of money for a lottery, and then trades that lottery for
a smaller certain amount of money will face economic elimination. Thus this
choice pattern is dominated by the alternative patterns.

Suppose we observe an agent choosing Z over X 38% of the time in pair A,
and choosing Y over Z 39% of the time in pair B. For any given set of choices,
there is a 15% chance that this agent will have lost $19 — $18 = $1 in opportunity
cost by choosing Z over X and then choosing Y over Z. These observed choice
probabilities can be accommodated well by both the RU and RP models, while
having different implications for the welfare of the agent. The RU stochastic
model in (14) with a CRRA parameter of 0.03, and the RP model with the

CRRA parameter following a normal distribution with mean -0.14 and standard

13Note that in experimental contexts, this kind of revealed indifference may be explained
as a failure to satisfy the dominance precept of Smith (1982). See Harrison (1989, 1992) for
a discussion of the dominance precept and its importance for drawing valid inferences from
experimental data.
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deviation 2.52, produce identical choice probabilities.!* We can calculate the
choice probabilities for the RP model as follows:
Azx ={r|U(Z]r) = U(X|r)}
={r|r <-0.90}
Byz ={r|UY|r) >U(Z|r)}
={r|r>0.55}
f (r ’ L, 02) dr

= ¢(—0.90 | —0.14,2.52) (18)

Pr(ys = Y) = / o (r | 1,0) dr
=1—¢(0.55 | —0.14,2.52)
~ 0.39
Pr({Z,Y}) =~ 0.15
where ¢ is the cumulative normal distribution. The value of the CRRA parameter
that makes the agent indifferent between Z and X is -0.90, and likewise the
CRRA parameter that makes the agent indifferent between Y and Z is 0.55.

Any CRRA value below -0.90 would induce a choice of Z over X, and any value

above 0.55 would induce a choice of Y over Z. Thus the choice probabilities in

14Tn (18) and (19), the parameter values and resulting choice probabilities are rounded
for exposition. Taking any r value for the RU model as given, one can calculate the choice
probabilities for pairs A and B. For the RP model, given the nature of the choice problem,
there exists only one value of r which would render an agent indifferent to the lotteries in
A (r4) and likewise for pair B (rg). A continuous distribution with two sufficient statistics
can be found such that the cumulative densities below the r4 and above rg are equal to the
choice probabilities produced by the RU model. Thus, for this two-choice problem, RU and RP
models can always be defined to be descriptively equivalent.

17



(18) are determined by the cumulative density of the agent’s preference distribution
below and above these values, respectively.

We can likewise calculate the choice probabilities for the RU model:

o exp(U(Z]r = 0.03))
Prlya=2) = & exp (O ]r = 0.09))

~ 0.38

o exp(U(Y|r = 0.03))
Prlon =) = esp (U] = 0.03)) )

~ 0.39
Pr({Z,Y}) ~ 0.15
While the observed choice behavior is identical for both models, the welfare
implications are not. Using the metric defined in (6), the change in expected

consumer surplus of the observed choices can be characterized using the RU

model as follows:

AW, = CE, — CEx = $18.48 — $19 = —$0.52
AWg = CEy — CE, = $18 — $18.48 = —$0.48 (20)
AW, 4+ AWg = —$1.00

In this case, the welfare implications of these choices are clear: with a 0.15
probability, the agent makes 2 consecutive “mistakes” or “choice errors” which
results in a loss of $1.00 in expected consumer surplus to the agent. The RU
model provides a coherent normative interpretation of the two choices: the
choice of a dominated choice pattern reduces the welfare of the agent, and she is
worse off for having made these two choices. It also provides a useful prescription

for an agent willing to correct her choices: she ought to choose {X, Z}.

18



The RP model, however, does not provide a similarly intuitive understanding
of the welfare implications of this decision problem. The RP model requires
every choice made by the agent to be characterized by a deterministic preference
relation drawn at random from a distribution. Thus, the welfare change of each

choice made by the agent must be weakly positive:

AWA = OEZ - CEX Z 0
(21)
AWp = CEy — CEz >0
According to the metric defined in (6) and the decision process for the RP
model defined in (18), the AW welfare evaluations in (21) must be weak inequalities.
However, with a probability approaching 1, the RP model suggests that the
subject has strictly improved her welfare by making a pattern of choices that

is strictly dominated by other patterns. Indeed the RP model suggests the

expected welfare change is:
E(AW,) = / (CBz = CEx) f(r| n.0*) dr = $0.66
recAzx

E(AWg) = (CEy — CEZ) f(r ’ poo®)dr =186 (22)

T‘EAYZ

E(AW4) + E (AWp) = $2.52

On average, the agent has an expected consumer surplus increase equivalent to
$2.52, and would need to be paid at least $0.66 to change her choices. The RP
model therefore does not lead to a coherent interpretation of the welfare of an

agent that has chosen a dominated choice pattern.
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5 Random Preferences as Random Parameters

We may consider the problem of the RP model implying welfare gain from
dominated choices simply an issue of how we frame the RP model. The RP
model used as an example here has a well-defined distribution, and therefore
we may consider the “core” preference of the subject to be some representative
point on this distribution, e.g. the mean, median, or mode. Draws from the
preference distribution are reformulated as perturbations of this point by n
random variable, €, with a median of 0 and a standard deviation equal to the
standard deviation of the preference distribution. The e deviations from the
representative point would not be used when making inferences about the welfare
of the agent, just as the error is discarded during welfare evaluation for the RU
model.

This is essentially how Apesteguia and Ballester (2018, p. 78) discuss the
RP model, although their focus is on particular econometric and descriptive
differences of the RP and RU models, not normative differences. This recasts
the Random Preference model as a Random Parameters model, well known to
economists.!®

This recasting of the RP model could provide a solution to the problem
in (21) by evaluating the welfare of both choices using the mean of the RP
distribution, » = —0.14. Under this formulation, welfare changes for each
individual choice made by the agent would be modestly different from those
given by the RU model in (20), but the joint welfare change would be an identical
loss of $1.00.

15Helpfully, we can still refer to this as the RP model.
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However, the choice of which point on the preference distribution to represent
the “core” preference is not obvious. Each choice implies some restriction on
the estimation of preferences to accommodate normative inference. I discuss
some issues and surprising consequences of choosing a point on the preference

distribution as a “core preference”.

5.1 Normative Variability to Transformations in Parameters

Using the mean or mode of the RP distribution to evaluate the welfare of
an agent results in variability of normative prescriptions to transformation
of the parameters of the utility function. Thus, this method yields normative
prescriptions that are under—defined.

First, note that the CRRA utility function in (2), u(x|r), can be harmlessly

rewritten as:
-1
=97 ()

1—g7%(s)

where g(+) is some continuous, invertible function and g~'(-) is its inverse. For

h(z|s) = (23)

all g(+), r, z, (23) implies h(z|g(r)) = u(x|r); h(x|g(r)) is an isomorphic transformation
of u(x|r). Using h(z|g(r)) in place of u(z|r) clearly makes no difference for the
RU model either when calculating choice probabilities, or when calculating
welfare in (19). Both functions produce identical cardinal utilities for any g(-), r,
and x.

For the RP model, the distribution of » must be transformed using the function
g(+). If X is a random variable with density f,, and Y = ¢g(X), then the density

of Y is:
Fy) = > Jx(@) (24)

vea iy 19'(2)]

21



where g~1(y) is the inverse function of g(-) when g(-) is monotone, in which case
g~ 1(y) is a singleton, and is the correspondence of the inverse of g(-) when g(-)
is non-monotone, in which case ¢g7!(y) is a set.! The mean and variance of the

transformed distribution are:

w=FE(g(X)) = [ gla)f(x)da

= B ((g0X) ~w)?) = [ (92) =)’ f(a)da

Descriptively, the transformation of the preference distribution does not

influence predicted choice probabilities for any choice problem. However, even
with the choice of a globally monotone g(-), g~!(w) does not always equal the
mean of the untransformed distribution, u. For example, let g(r) = exp(r),
and therefore g~ *(r) = In(r). This choice of g(-) transforms the preference
distribution for the RP model in (18) from a normal distribution with mean
@ = —0.14 and standard deviation 0 = 2.52 to a log—normal distribution with
mean w = 20.89 and standard deviation ¢ = 503.75.

Table 3: Welfare Using the Mean of the
Preference Distribution

Utility Function AW, AWg AWra
w(zlr = —0.14) —$0.52 -$0.48  $1.00
h(z|s =20.89) —$6.46 $5.46  $1.00

The AW of decision A using u(z|r = p), is -30.52, and the AW of the A
decision using h(x|s = w), is -6.46. Likewise, the AW of decision B using
u(zlr = p) is -$0.48, and the AW of the B decision using h(z|s = w) is 5.46.
Both u(-) and h(-) produce AW 4 + AW = —$1, which usefully describes the

16The pedagogic example of this relationship is to assume X ~ N(u,0), and y = 2. In
this case, g(z) is non-monotone, with g~*(y) = +,/y. The summation in (24) is over both the
positive and negative values of \/y. This results in Y being x? distributed.
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dominated choice pattern as resulting in the same strict loss of welfare, but the
choice recommendations for the two utility functions are not the same.

This transformation of the utility function produces a RP model that is
descriptively identical, but recommends a different choice correction. If isomorphic
transformations of the parameters in the model result in different normative
prescriptions, it is possible to arbitrarily transform the utility function to get
any desired prescription for a given choice, thus the normative content of this
model is under—identified.

However, using the median of the preference distribution as the core preference
does not result in the under—identification issue discussed here. The median of
an untransformed distribution will always map directly to the median of the
transformed distribution. This direct mapping results in consistent normative

prescriptions regardless of the choice of g(-).

5.2 Duality of Random Parameters and Random Utility

An implication of choosing a point from the preference distribution to represent
the core preference is the effectual transformation of the RP model into an RU
model with a heteroskedastic error term. The duality of random parameters
models and random utility models is discussed by McFadden and Train (2000)
who discuss the regularity conditions under which any RU model can be expressed
as a RP model.'” We can likewise transform an RP model into a (heteroskedastic)
RU model.

As a simple example assume a 3-outcome lottery pair, such as decision A in

the previous stochastic money pump example. Because utility is unique up to an

1"McFadden and Train (2000) discuss what is commonly called Random Parameters as
random coefficients.
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affine transformation, we can arbitrarily set the utility of the smallest outcome
equal to 0, the greatest outcome equal to 1, and concern ourselves only with
the utility of the intermediate outcome. Since this intermediate utility must be

bound between 0 and 1, assume that it is logit-normal distributed.'®

u2($19) ~ Logit-Normal(u, o)

Each value of uy drawn from the preference distribution corresponds to
a difference in the expected utility of the lottery ticket and the sell price in
decision A:
0 = g(uz) = (pi — qi)us (26)

iel
= (p1— @) X uy + (P2 — q2) X uz + (p3 — q3) X u3
= (p3 — q3) + (P2 — q3) X uz
=(05-0)x0+(0—1)xus+(0.5—-0) x 1

(28)
=0.5-— U9

where p; and ¢; are the probabilities associated with each outcome in decision
A and u; are the associated utilities. Equation (27) shows the general result for
a 3-outcome lottery pair, and (28) shows the specific result for this example. If

we take the median of the preference distribution to be the “core” preference,!®

8Note that these parameters define the mean and standard deviation of the underlying
Normal distribution.

9The discussion on variability to transformation precludes the use of the mean as the core
preference.
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then we further adjust these equations by the median to get the resulting error

function for the RU model:

€= (ps—q3) +(p2—¢q3) xup — M
(29)

=05—-—uy—M

where M is the median of the preference distribution. In the case of the Logit-
Normal distribution, M = 1/(1 + exp(p)). Making use of equation (24), the
density function of f(€) = fu,(g7(¢)), where g7'(e) = (e — p3 + q3 + M) /(p2 — q3)
in general and g~'(¢) = 0.5 — e — M for the A decision.

The duality of the RU and RP models shown by the above exercise demonstrates
an underlying consequence of correcting the RP model such that it is normatively
coherent: the correction implies a heteroskedastic RU model with no random
preferences involved. This puts the RP model on the same footing as other
heteroskedastic RU models like Contextual Utility (Wilcox 2011), which also
enforces stochastic monotonicity, and Stronger Utility (Blavatskyy 2007) which

enforces zero probability FOSD.

6 Discussion

Stochastic models of economic choice have received an increasing amount
of attention. Two classes of models in particular have been the focus of much
scrutiny: the RU model and the RP model. The primary purpose behind the
development of these models was to descriptively account for choices which
were inconsistent with a deterministic interpretation of EUT, without having
to resort to declaring an economic agent indifferent to every alternative. To

further this descriptive objective, these models were formulated in such a way
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as to make specific predictions about observed choice probabilities in particular
choice scenarios.

My purpose here, however, is not to investigate the descriptive veracity
of these models, but to draw attention to their normative implications and
shortcomings. I define metrics to evaluate the welfare consequences of choices
following the existing literature, and propose a thought experiment involving
an example decision problem, the “stochastic money pump,” to evaluate the
normative coherence of the RU and RP models. The stochastic money pump is
structured in a way to demonstrate the possibility of an agent entering into a
series of decision problems with the possibility of selecting a strictly dominated
pattern of choices, much like the traditional money pump thought experiment.
The RU and RP models can be parameterized in such a way that they produce
exactly the same choice probabilities for this decision problem. This descriptive
equality, however, does not imply that the welfare implications of these models
are always equivalent, or even coherent.

The RP model, taken at face value, suggests that a choice pattern that is
dominated by alternative choice patterns provides the agent with a positive
expected consumer surplus. This characterization of the expected consumer
surplus of dominated options is economically incoherent. There must be an
opportunity cost of selecting a dominated option. The RP model also fails to
provide normative guidance: since every choice is said to reflect the result of a
rational preference relation, the agent is therefore always doing what they ought
to be doing. The same cannot be said of the RU model, which characterizes a
dominated choice pattern as resulting in loss of expected consumer surplus, and

provides a coherent normative prescription to avoid such losses.
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The inability of the RP model to provide a coherent normative interpretation
of choice patterns is because of its lack of a consistent, “core” preference across
decision tasks. This, however, is by design. When reintroducing the RP model,
Loomes and Sugden (1995, p. 643) note that there is no “single true utility

function” to characterise an individual:

The [random preference] model is consistent with a radically different
interpretation [of behavior compared to the random utility model].
Here there is no single true utility function which is imperfectly
processed: rather, the stochastic element derives from the inherent
variability or imprecision of the individual’s preferences, whereby the
individual does not always know exactly what he or she prefers.

Such an interpretation of the RP model is at odds with using the median of a
preference distribution, or any other point on the distribution, as representative
of the “core” preference of the individual.

Given this result concerning the normative incoherence of the RP model, I
discuss the possibility of characterizing some point of the preference distribution
of the RP model as the “core” preference, and using it to determine the welfare
consequences of the choices made by the agent.?’ This line of reasoning, however,
is not without its own limitations. If the mean (or mode) is used as the core
preference, different parameterizations of the utility function can lead to different
normative prescriptions despite being descriptively identical across all choice
problems, leaving normative inferences under—defined. Using the median of the
distribution as the core preference, however, side—steps this issue.

The use of a core preference also highlights the econometric duality of the

RP and RU models. Any RP model in which the median is taken to be the

20This is the approach of Apesteguia and Ballester (2018) when describing the descriptive
properties of the RP model, but they make no normative claims.
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core preference can be reformulated as an RU model with that core preference.
This does not, however, imply that the RP and RU models are economically
dual to each other. It is only when the RP model is reformulated as its dual RU
counterpart, which discards any interpretation of behavior as being derived from
variability in preferences, but instead describes it as being due to variability in
an error term, that it is able to make coherent normative statements.

While the usefulness of various descriptive properties of stochastic models is
still being debated, a constructive approach to future stochastic model research
is to start first with the understanding that to be economically useful, stochastic
models cannot only determine the probability of observing choices, but must
also allow for certain choices to be declared mistakes or errors. In particular,
dominated choice patterns ought to be correctly described as having an opportunity
cost. To this end, the notion of random preferences should be discarded. The
RP model as envisaged by Loomes and Sugden (1995) does not allow for choices
to be made in error and therefore results in an incoherent normative interpretation
of choices. Reformulated as a random parameters model, as discussed by Apesteguia
and Ballester (2018) however, the RP model can be used to provide useful normative
inferences provided the median is used as a core preference, and proper attention

is paid to the error distribution when discussing distributions of consumer surplus.
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