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Abstract

Much of the game theory literature concerns mechanisms by which players can infer in-
formation about the utilities, beliefs, and strategies of other players based on actions within
games and pre-play signals. When game theory is applied to strategic interactions among peo-
ple, such analysis interprets them as trying to “mindread”. Recent work in cognitive science,
however, suggests that human coordination rests more centrally and necessarily on “mind-
shaping” processes, in which people resolve equivocal preference content jointly. This kind
of process cannot be modeled using standard resources of game theory. However, as mind-
shaping is strategic, there is motivation to widen the game theory toolkit to accommodate it.
Conditional Game Theory is a strategic theory of mindshaping. We show how it can be used
to help players of standard games identify correlated equilibrium, and thus solve games. We
then extend CGT to address a challenge to the relevance of correlated equilibrium to empirical
choice data. This is based on the fact that correlated equilibrium requires the Harsanyi Doc-
trine, according to which Bayesian players share common priors; but the majority of observed
empirical choice behavior under risk violates this Doctrine. We show how pre-play analysis
using CGT can reconcile the Harsanyi Doctrine with rank-dependent choice as typically seen
in economic experiments.

1 Introduction
In both abstract and applied game theory, it is typically assumed that equilibrium selection requires
imperfectly informed players to infer one another’s most probable patterns of play. The nature of
such inferences varies with the specified information environment: players might know one an-
other’s preference orderings but need to estimate risk attitudes, or they might be entirely ignorant
about one another’s utility functions before observing some actions. In such cases the analyst
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models a process that is analogous to what cognitive scientists call ‘mindreading’ (Nichols and
Stich, 2002). A capacity for making inferences about others’ states of mind, particularly beliefs
and preferences, is taken by many behavioral and social scientists to be a prerequisite for sophis-
ticated social cooperation as well as for strategies based on deliberate deception. Special human
mindreading dispositions and abilities are often claimed to have been crucial to the achievement of
ecological dominance by Homo sapiens (Malle et al., 2003; Frith and Wolpert, 2004).

The relationship between natural mindreading and theoretical inferences of beliefs and pref-
erences in game theory is merely one of analogy. The developers of game theory have not taken
themselves to be building an empirically inspired theory of mindreading, and proponents of min-
dreading in cognitive and behavioral science have not been motivated by game theory. However,
we suggest that confidence in natural mindreading capacity is important to motivating the plausi-
bility of many applications of game theory to modeling small-scale interactions among people. In
particular, the mindreading hypothesis makes the idea that people can jointly arrive at a selected
equilibrium in multi-equilibrium games non-mysterious, even if it leaves the real work of technical
specification of equilibrium selection principles still to be done by the game theorist.

Recently, however, Zawidzki (2013) and other cognitive scientists have argued persuasively
that the importance of mindreading to human social development and coordination has been sig-
nificantly overstated. Mindreading, these scientists argue, is often too severely underdetermined
by available evidence to be feasible in cases where people nevertheless achieve relatively precise
alignments of mutual expectations. The primary family of mechanisms for such coordination,
Zawidzki argues, is mindshaping. This family is united by a basic disposition among people to
influence one another to dynamically form shared complexes of belief and preference. Specific
mindshaping mechanisms include imitation, deliberate pedagogy, specialization and exchange of
knowledge, and leverage based on differentiated social status and roles. Such mindreading as peo-
ple who know one another well sometimes achieve is argued by Zawidzki to be parasitic on a
foundation of mindshaping.

In one key respect the general idea of mindshaping is not foreign to game theorists. Mind-
shaping mechanisms all involve public signaling. For example, millions come to share the belief
that Ukraine is a victim because they all share in observing multiple public expressions, in print
and speech, of this idea. This shared belief is then available to motivate expectations that propos-
als to aid Ukrainians will find coordinated responses. In game theoretic terms, the shared signal
functions as a (partial) device for correlated equilibrium (Aumann, 1974, 1987). Under certain
conditions, discussed below, correlated equilibrium is a powerful device for solving games.

In another respect, however, mindshaping is at odds with the intuitions underlying standard
applications of game theory to social coordination. In games where players must infer prefer-
ences and beliefs of other agents, they know their own preferences and beliefs. Furthermore, they
assume that the set of others’ preferences and beliefs they work to infer are fixed points (or, in
cases of beliefs about probabilities, or beliefs structured as confidence intervals, or preferences
over continuous scales, fixed distributions). But mindshaping is constructed as a dynamic that
changes preferences and beliefs. Furthermore, and more radically, models of mindshaping depict
agents who are ex ante unsure of their own preferences and beliefs until the process of mutual
accommodation settles into an ex post equilibrium. Indeed, mindshaping theorists generally also
favor philosophical externalism about beliefs and preferences (Dennett, 1987; Clark, 1997; Hutto,
2008), according to which these “propositional attitudes” are social constructions for interpreting
behavior (including people’s interpretation of their own behavior), and have no exact counterparts
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at the scale of ‘latent’ individual brain states. Such externalism is not a niche view among philoso-
phers of cognitive science; for several decades it has been growing into the dominant position.
According to externalism, the mindreading hypothesis is not just empirically exaggerated but con-
ceptually confused, as it imagines that people generally engage in inferences about ‘private’ states
of mind that exist only in cases where people think by explicitly attending to fragments of silently
rehearsed English or Chinese or Swahili etc..

Externalism, and social explanation based on mindshaping rather than mindreading, need not
directly trouble game theorists. Again, their enterprise is not mathematical social psychology.
However, mindshaping and externalism undermine the idea that people selecting equilibria in
strategic scenarios modeled as games can do so because they can infer latent preferences and
beliefs. Furthermore, because mindshaping describes processes of preference change, such a pro-
cess cannot be modeled as an extensive-form game soluble by backward induction or sequential
equilibrium (Kreps and Wilson, 1982). These solution procedures begin from outcomes speci-
fied as vectors of utility indices that hold across all information sets in a game tree. Thus the
outcome values to players cannot be generated ex post by the play of the game. Mindshaping
shares this awkward aspect with the concept of preference construction in experimental psychol-
ogy (Lichtenstein and Slovic, 2006) (though the ideas are not the same, and we will say no more
about preference construction here), which has resisted integration with behavioral game theory
(Camerer, 2003).

We aim to show that the tension just identified, far from being a conundrum or a barrier to
the smooth transfer of intuitions between game theory and experimental social science, is a source
of productive insights. The affinities between mindshaping and correlated equilibrium are more
important than apparent discrepancies in concepts of mental states.

Specifically, our objective here is to show how Conditional Game Theory (CGT) (Stirling,
2012, 2016), which we interpret as a formal theory of mindshaping (Ross and Stirling, 2021),
can be used to support the plausibility of the conditions for correlated equilibrium, at least in
applications where individual people are players. This is based on new technical extensions to
CGT that go beyond Stirling’s original formulation. Furthermore, one of these extensions, to
take account of widespread empirical observations about the structure of human risk preferences,
allows us to offer a new answer to an empirically based problem for the applicability of correlated
equilibrium solutions to behavioral games.

The paper is structured as follows. In Section 2 we summarise the basic elements of CGT,
including extensions beyond Stirling (2012) that are introduced in Ross and Stirling (2021). In
Section 3 we argue that CGT analysis of players conditioning on pre-play actions can be used
to generate shared signals about unconditional utilities, which can support assumption of common
priors in Bayesian game players (the Harsanyi Doctrine) and allow them to identify correlated equi-
librium as per the argument of Aumann (1987). Aumann’s argument depends on the assumption
that all players conform to the expected utility axioms of Savage (1954). This might seem to make
the argument uninteresting to experimenters, since more observed choice behavior coheres with
Rank Dependent Utility (RDU) theory than with EUT. However, in Section 4 we show that CGT
can incorporate RDU in the pre-play analysis, and reflect its effects in the transition matrices that
game players can identify. In the concluding Section 5 we interpret this to suggest that Aumann’s
argument can be applied to empirical choice data after all, at least where it can be supplemented
by CGT analysis.
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2 Conditional Game Theory
The basic structural condition for mindshaping is that agents are socially connected to each other
such that each agent’s beliefs and preferences are influenced by the beliefs and preferences of
others in the network. We refer to an interacting group of agents where this condition applies as a
social influence network. We assume that interactions in a social influence network are necessarily
strategic. This assumption may seem surprising. Could we not imagine a multi-agent network in
which agents are programmed to generate and receive influence deterministically, without regard
to their own prior utilities? Some of the ‘swarm intelligence’ literature in artificial intelligence (e.g.
Bonabeau et al. (1999)) has this characteristic, which is often informally motivated by alleged facts
about individually simple agents such as social insects. However, following Dennett (2017), there
is no scientific payoff to ascribing beliefs and preferences to such fully programmed agents, and the
need to make such ascriptions to explain behavior is necessary and sufficient for identifying a locus
of mind. (The stylized fact about social insects as mindless robots is false; see Chittka (2022).)
Therefore, mindshaping occurs only where agents are guided by interests and perspectives of their
own. Consequently, mindshaping always involves a strategic aspect, and so in principle game
theory should be relevant to analyzing it.

CGT was originally developed by Stirling (2012) for application to distributed control de-
signs in AI. Such architectures achieve no efficiency gains if sub-systems have no autonomy at
all. On the other hand, they are likely to fail design specifications if the sub-systems are not ul-
timately forced to align in choices of joint actions. This control restriction is absent in standard
non-cooperative game theory, where equilibrium solutions can sometimes be catastrophically in-
efficient (as in tragedies of the commons, for example).

The challenge to which CGT responds is the need to represent agents as having strategic inter-
ests without specifying their ‘final’ utilities ex ante. This is necessary to allow for their preferences
to be modified by social influence. CGT consequently models social influence networks by means
of conditional utilities that are defined over actions rather than outcomes (Stirling, 2012, 2016). Of
course, solutions still require reference to outcomes, so these cannot be neglected in the final anal-
ysis. As in standard noncooperative game theory, categorical utilities are defined over outcomes
that are vectors of strategies, one for each agent in a game.

The foundational existence result for CGT establishes that the dynamic social interaction gener-
ated from conditional utilities as players participate in a conditional game converges to steady-state
quantities termed complementary coordination functions that account for all social interrelation-
ships that exist among each agent’s complementary subgroup, that is, the subset of all agents in
a social influence network excluding the agent under consideration. These coordination functions
can be used to generate unconditional individual utility functions defined over outcomes that send
signals for social influence. We can crisply state the conceptual innovation this way: in a con-
ditional game, signals don’t just communicate information about preferences, but change them.
Conditional games are pre-play processes that determine subsequently analyzed standard games
(Ross 2004, 2005, 2006).

2.1 Conditional Utilities
The key technical distinction between standard noncooperative game theory and conditional game
theory is marked in the mathematical structure of utilities. The utilities of standard game theory are
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categorical – each player’s utility function is fixed, unconditional, and defined over outcomes, that
is, the joint actions of all players. Any social influence that the players exert on each other must be
taken to be already incorporated into their utility functions. In the CGT setup, by contrast, players’
utilities are conditional and dependent on actions of others. As they engage in conditional play,
their conditional utilities propagate throughout the network and generate emergent community
level social relationships. In this section we summarize the basic mathematics of this modeling.

To set notation, we first consider standard noncooperative game theory and then extend defini-
tions to the space of conditional games.

Definition 1 A noncooperative normal-form game is a triple tX,A,Uu comprised of the follow-
ing elements:

Agents: X “ tX1, . . . , Xnu, a group of agents with each Xi possessing a finite action space
Ai “ txi1, . . . , xiNi

u, i “ 1, . . . , n.

Outcome space: The Cartesian product A “ A1 ˆ ¨ ¨ ¨ ˆ An is termed the outcome space The
elements of A are enumerated as

A “ txk1k2¨¨¨kpn´1qkn “ px1k1 , x2k2 , . . . , xpn´1qkn´1
xnknq

P A1 ˆ A2 ˆ ¨ ¨ ¨ ˆ An´1 ˆ An,

ki “ 1, . . . , Ni, i “ 1, . . . , nu , (1)

where the indices k1, . . . , kn are incremented in lexicographical order from kn to k1 for
k1 “ 1, . . . , N1, k2 “ 1, . . . , N2, through kn “ 1, . . . , Nn, yielding

A “

"

px11, x21, ¨ ¨ ¨ , xpn´1q1, xn1q
looooooooooooooomooooooooooooooon

x11¨¨¨11

, px11, x21, ¨ ¨ ¨ , xpn´1q1, xn2q
looooooooooooooomooooooooooooooon

x11¨¨¨12

,

. . . , px1N1 , x2N2 , ¨ ¨ ¨ , xpn´1qNn´1 , xnNnq
loooooooooooooooooooomoooooooooooooooooooon

xN1N2¨¨¨Npn´1qNn

*

. (2)

Utility functions: The set of utility functions, denoted U “ tui: A Ñ R, i “ 1, . . . , nu, where
ui defines Xi’s preferences over outcomes.

Since graph theory is an indispensable tool for the representation of social influence networks,
we begin our development of CGT by reviewing the basic terminology and notation of graph theory
that we will need.

Definition 2 A social influence network graph GpX, Eq comprises a set of vertices X “ tX1, . . . , Xnu

(the set of agents) and a set E Ă XˆX of pairs of vertices such that there is an explicit connection
between them that serves as the medium by which influence is propagated among agents. The ex-
pression Xi ÝÑ Xk means that influence propagates in only one direction — a directed edge from
Xi to Xk. A path from Xi to Xk is a sequence of directed edges from Xi to Xk, denoted Xi ÞÑ Xk.
A path is a cycle, or closed path, for Xk if there is a path Xk ÞÑ Xk.

A graph is said to be a directed acyclic graph, or DAG, if all edges are directed and there are
no cycles. The parent set for Xi, denoted pa pXiq “ tXi1 , . . . , Xiqi

u, is a subset of X such that
Xik ÝÑ Xi, k “ 1, . . . , qi. If pa pXiq “ ∅ then Xi is a root vertex. The descendents of Xi,
denoted de pXiq “ tXk: Xi ÞÑ Xku, is the set of all vertices linked by directed paths from Xi.

CEAR Working Paper March 2, 2023



6

We now introduce new terminology and definitions that apply to CGT.

Definition 3 The complementary set for Xi is the subset of all agents except Xi, denoted X´i “

XzXi. The Cartesian product A´i “

Ś

j‰i
Aj is termed the complementary action profile space.

A self-conjecture by Xi, denoted Xi |ù ai, is an element ai P Ai that is hypothesized by Xi as
an action that she may choose.

A conditioning conjecture by Xi for Xj , denoted Xj |ù aj for j ‰ i, is an element aj P Aj that
is hypothesized by Xi as an action that Xj may choose.

A conditioning conjecture profile, denoted a´i “ pa1, . . . , ai´1, ai`1, . . . , anq, denoted X´i |ù a´i,
is a set of conditioning conjectures by Xi for X´i.

A conjecture hypothesis is a hypothetical proposition with a conditioning conjecture profile as
the antecedent and a self-conjecture as the consequent, denoted

Hipai|a´iq: X´i |ù a´i ùñ Xi |ù ai , (3)

that is, if a´i is a conditioning conjecture profile for X´i, then ai is a self-conjecture for Xi.
For each a´i P A´i, let Ái|´i denote a total preference ordering defined over Ai ˆ Ai. A

conditional utility function is a mapping ũi|´i: Ai|A´i Ñ R, where the expression to the the left
of the conditioning symbol “|” is a self-conjecture for Xi and the expression to the right is a
conditioning conjecture profile for X´i, such that

ũi|´ipai|a´iq ě ũi|´ipa
1
i|a´iq (4)

if
Hipai|a´iq Ái|´i Hipa

1
i|a´iq , (5)

meaning that the consequent Xi |ù ai is either strictly preferred to the consequent Xi |ù a1
i or is

indifferent, given the antecedent X´i |ù a´i.1

It is important to appreciate that, since a conjecture is merely a hypothesis and not a record of a
fact, belief, or preference, the motivation for any conjecture hypothesis is application dependent.
In particular, this conditional preference model enables agents to define their preference as a func-
tion of the preferences of others, in which case the expression ũi|jkpai|aj, akq corresponds to the
narrative: “if Xj were to most prefer that aj be realized and Xk were to most prefer that ak be
realized, then ũi|jkpai|aj, akq would be the utility to Xi if ai were realized.”

Definition 4 A conditional game, denoted by the triple tX,A, Ũu, is comprised of the following
elements:

• A set of agents, X “ tX1, . . . , Xnu, with each Xi possessing a finite action space Ai “

txi1, . . . , xiNi
u, i “ 1, . . . , n

• a set of conditional utility mass functions Ũ “ tũi|´i: Ai|A´i Ñ r0, 1s, i “ 1, . . . , nu, such
that2

ũi|´ipai|a´iq ě 0 @pai, a´iq P Ai|A´i
ÿ

ai

ũi|´ipai|a´iq “ 1 @a´i P A´i.
(6)

1We adopt the “tilde” notation to emphasize the distinction between standard (categorical) utilities, which are
defined over outcomes, and conditional utilities, which are defined over actions given the actions of others.

2Without loss of generality we require conditional utility functions to be mass functions, which may require such
normalization via positive affine transformatons.
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2.2 Hierarchical Networks
An important special case of a social influence network is a hierarchical network, which can be
represented by a directed acyclic graph. Since there are no cycles, in such graphs the notions of
parent and child are well defined, and the conditional utilities ũi|´i may be expressed using the
notation ũi|papiq. Let Apa piq “ Ai1 ˆ ¨ ¨ ¨ ˆ Aiqi

denote the Cartesian product of the domain of
pa pXiq and let α̃pa piq “ pai1 , . . . , aiqi q P Apa piq denote the vector of conditioning conjectures for
pa pXiq.

Definition 5 A hierarchical conditional game is a conditional game with conditional utility func-
tions of the form Ũ “ tũi|papiq: Ai|Apa piq Ñ r0, 1s, i “ 1, . . . , nu, where ũi|papiqpai|α̃pa piqq is the
utility function for Xi |ù ai given that pa pXiq |ù α̃pa piq.

The fact that conditional utilities are mass functions invites the application of probability theory
to the theory of conditional games. The obvious isomorphic relationship between belief in an
epistemological setting and preference in a praxeological setting enables the application of the
syntax of probability theory to be applied to praxeological issues. Thus, a hierarchical network
may be expressed using the mathematical syntax of probability theory with praxeological, rather
than epistemological, semantics. The vertices of the graphical representation of such a network
are analogous to random variables and the edges are analogous to conditional probability mass
functions. Thus constituted, a hierarchical social influence network is analogous to a Bayesian
network, where the vertices are random variables and the edges are conditional probability mass
functions. To illustrate, consider a three-agent hierarchical network with graphical representation

X1
ũ2|1

}} !!
X2

ũ3|12

// X3

(7)

where X1, a root vertex, possesses an unconditional utility ũ1: Ai Ñ r0, 1s.
Given the isomorphic relationship between conditional game theory and probability theory, we

may exploit a powerful result from Bayesian network theory.

Theorem 1 Let tX1, . . . , Xnu be a hierarchical social influence network with utility set Ũ . Then
the coordination function is

w̃1:npa1, . . . , anq “
ź

i

ũi|papiqpai|α̃pa piqq . (8)

If pa pXiq “ ∅ (i.e., Xi is a root vertex), then ũi|papiq “ ũi, an unconditional mass function.

For a proof of this theorem and additional discussions of Bayesian networks, see Pearl (1988);
Cowell et al. (1999); Lauritzen (1996); Jensen (2001); Sprites et al. (2000); Pearl (2009). In a con-
ventional epistemological context, the coordination function would be the joint probability mass
function, which characterizes all of the statistical dependency relationships that exist among a set
of random variables as expressed via the conditional probability mass functions. In a praxeological
context, the coordination function characterizes all of the social interdependency relationships that
exist in a social influence network as expressed via the conditional utility mass functions.
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This theorem establishes that, if influence relationships between neighboring vertices can be
represented by conditional utility functions where the conditional dependencies flow in only one
direction, then a unique joint mass function can be synthesized according to (8). In other words,
when specifying dependency relationships with a directed acyclic graph, one need only be con-
cerned with how the children are influenced by their parents, and not vice versa. Thus, all of the
syntactical operations of probability theory apply to these functions, including marginalization,
independence, and Bayes’s rule.

3 Common Priors Through Markov Convergence
Adopting the hierarchical network structure allows us to appropriate the syntax of probability the-
ory to model the social relationships that exist among a collective of socially connected agents that
is analogous to the way in which the probability theory syntax models the statistical relationships
that exist among a collective of statistically connected random variables. However, complying
with this syntax restricts us to hierarchical models, since probability theory does not accommodate
cyclic dependencies. Given the events A and B, the conditional probabilities P pA|Bq and P pB|Aq

are related by Bayes’s rule and, therefore, cannot be specified independently of each other. To put
the matter another way, simultaneous feedback is not permitted. The most important and interest-
ing strategic social relationships, however, involve feedback and reciprocal influence. Mindshaping
can be modeled as a time-sequenced process of iterations with bidirectional flow. For such itera-
tions to be useful, the propagation of conditional preferences through the network must ultimately
result in actionable choices for each agent. Thus, the issue becomes one of convergence as cycles
are recurrently traversed as time evolves. Convergence means that, in the limit, each individual
will possess an unconditional preference ordering that may be used to identify solutions.

To address the convergence issue we again invoke the isomorphic relationship between con-
ditional preferences and conditional beliefs as expressed via the syntax of probability theory, and
exploit powerful results from stochastic process theory.

Definition 6 A finite-state discrete-time stochastic process is a time-indexed set of random vari-
ables, denoted tY ptq, t “ 0, 1, . . .u, which at any time can be in one of a finite number of states
in the set Y “ ty1, . . . , ymu. The process is governed by a set of conditional probability measures
that define the probability of transitioning from one state to another as time progresses. Let the
sequence of events tY p0q “ s0, Y p1q “ s1, . . . , Y ptq “ stu denote the path history of the process
up to time t and let P denote a probability measure. The process satisfies the Markov condition if

P rY pt ` 1q “ st`1|Y p0q “ s0, Y p1q “ s1, . . . , Y ptq “ sts “ P rY pt ` 1q “ st`1|Y ptq “ sts (9)

for all ps0, s1, . . . , st`1q P

Ś

t`1

k“0
Yk; that is, the probability of moving to any future state st`1 at

time t ` 1, given that it is in the state st at time t, is independent of the path taken to arrive at
state st.3 In this sense, a Markov chain is memoryless, meaning that Y pt ´ 1q and Y pt ` 1q are
statistically conditionally independent, given Y ptq. Such a process is termed a finite state Markov
chain.

3In the vernacular, the past and the future are independent given the present.
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Since, by the structure of conditional mass functions, each agent’s preferences are influenced
by, and only by, her immediate ancestors, the network for a conditional game satisfies all of the
conditions of a Markov chain. Thus, all of the methodology applicable to Markov chains is appli-
cable to conditional games.

A two-agent scenario is a convenient way to introduce the study of cyclic games, but we must
study games with more than two players in order to fully appreciate and deal with the complexity
that quickly arises with the general case, where each agent influences all others and is influenced
by all others. For reasons that will soon become apparent, we focus first on networks with a ring
topology. Consider a directed ring graph tX1, . . . , Xnu of the form

X1

ũ2|1 // X2

ũ3|2

��
Xn

ũ1|n

OO

X3
oo

(10)

Let time t proceed in discrete increments, and let Xiptq denote Xi’s state at time t. Suppose it takes
one unit of time to traverse one cycle Xjptq Ñ ¨ ¨ ¨ Ñ Xjpt ` 1q. Let δ “ 1{pn ` 1q denote the
time required to traverse from Xjpjδq to Xj`1ppj ` 1qδq and consider the time-sequenced path

X1p0q
ũ2|1

// X2pδq
ũ3|2

// X3p2δq // Xnpnδq
ũ1|k

// X1p1q ¨ ¨ ¨ , (11)

which generates the closed path X1p0q ÞÑ X1p1q. Starting at time t “ 0, the coordination function
corresponding to the segment tX1p0q Ñ X2pδqu is, via Bayesian network theory (i.e., (8)):

w̃12pa1, a2, 0q “ w̃1pa1, 0q ũ2|1pa2|a1q , (12)

where w̃1pa11, 0q is the initial utility for X1 at t “ 0. The marginal utility for X2 at time t “ δ is

ŵ2pa2, δq “
ÿ

a1

w̃12pa1, a2, δq . (13)

Now considering the segment tX2pδq Ñ X3p2δqu (i.e., viewing X2pδq as a root vertex), and
applying (8) and computing the marginal utility for X3 at time t “ 2δ yields

w̃3pa3, 2δq “
ÿ

a2

w̃23pa2, a3, 2δq

“
ÿ

a22

w̃2pa2, δq ũ3|2pa3|a2q .
(14)

In general,
w̃i`1pai`1, iδq “

ÿ

ai

w̃i

`

ai, pi ´ 1qδ
˘

ũi`1|ipai`1|aiiq (15)

for i “ 1, 2, . . . , pmod nq.
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3.1 Matrix Form Dynamics Model
Matrix notation provides a convenient framework for modeling the dynamics of a sequence of
acyclic segments of the form (11). For this development we wil need to dispense with the practice
of referring to elements of Ai with the “arbitrary” notation ai, and instead employ the specifically
indexed notation for the members of Ai as established in Definition 3.

To express the time-evolution of the network defined by (10) in matrix form, let

w̃ipiδq “

»

—

–

w̃ipxi1, iδq
...

w̃ipxiNi
, iδq

fi

ffi

fl

(16)

denote the utility mass vector at time t “ iδ, let

Ti`1|i “

»

—

–

ũi`1|ipxpi`1q1|xi1q ¨ ¨ ¨ ũi`1|ipxpi`1q1|xiNi
q

...
...

ũi`1|ipxpi`1qNi`1
|xi1q ¨ ¨ ¨ ũi`1|ipxpi`1qNi`1

|xiNi
q

fi

ffi

fl

(17)

denote the agent-to-agent transition matrix, and rewrite (15) as

w̃i`1

`

iδ
˘

“ Ti`1|iw̃i

`

pi ´ 1qδ
˘

(18)

for i “ 1, 2, . . . , mod k. Expressing this cycle with the linkages represented by the transition
matrices yields

X1

T2|1 // X2

T3|2

��
Xn

T1|n

OO

X3
oo

(19)

Now define the closed-loop transition matrices

Ti “ Ti|i`n´1Ti`n´1|i`n´2 ¨ ¨ ¨Ti`2|i`1Ti`1|i pmod nq . (20)

After t cycles,
w̃iptq “ Tiw̃ipt ´ 1q “ TiTiw̃ipt ´ 2q “ ¨ ¨ ¨ “ T t

i w̃ip0q . (21)

Our goal is to investigate the behavior of these utility vectors as t Ñ 8. To this end, we turn to the
Markov chain convergence theorem.

Theorem 2 (Markov Chain Convergence) Let T be a square matrix with nonnegative entries
such that each column sums to unity and T is regular, meaning that there exists an integer m such
that all elements of Tm are strictly positive. Then there exists a unique utility mass vector w such
that

• Tw “ w, that is, w is the eigenvector corresponding to the unique unit eigenvalue of T ;

• T “ limtÑ8 T t “
“

w ¨ ¨ ¨ w
‰

;
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• w “ T w̃p0q for every initial utility mass vector w̃p0q.

This theorem establishes that w, the eigenvector corresponding to the unique unit eigenvalue of
T , is the convergent utility mass vector. Thus, the conditional utilities of agents in a social influence
network whose dynamic behavior is governed by transition matrices that meet the conditions of
Theorem 2 will converge to a unique unconditional utility mass function, that is,

w “ lim
tÑ8

w̃ptq “

»

—

–

wpxi1q
...

wpxiNi
q

fi

ffi

fl

. (22)

Doob (1953) has established that convergence is exponentially fast.

3.2 Markov Equivalence
The above analysis applies to directed ring networks, but arbitrary networks do not conform to
that special structure. In the limiting case of generality for a network, every agent is influenced by
every other agent. To develop an approach to deal with this general structure it will be convenient
to focus on a three-agent network, which provides sufficient complexity to identify the critical
issues. Consider a network graph with bidirectional edges

X1

xx ��
X3

88

,,
X2ll

ZZ
(23)

where the edges are conditional utilities of the form ũi|jk for i|jk P t1|23, 2|31, 3|12u.4

We begin our study of this network by considering the acyclic graph fragment

Xj

!!

ũi|jk Xk

}}
Xi

(24)

which qualifies as a Bayesian network with two root vertices. However, we cannot assume that
these root vertices are independent, because this fragment is not isolated from the remainder of the
network. Let us view tXj, Xku as a dyadic root vertex yielding a graph fragment of the form

XjXk ũi|jk

// Xi. (25)

We now make an important observation: a graph of a network is not the network. It is a repre-
sentation of the network, and representations are not unique. Of crucial interest is a representation
comprising unidirectional edges that form a ring in order to apply Markov chain convergence the-
ory.

4This indexing convention corresponds to a clockwise rotation around the network.
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This structure motivates us to view the relationships between the complementary sets X´i as the
key to understanding the dynamics of this network. Accordingly, we introduce a complementary
network graph to (23) of the form (assuming a clockwise rotation around the closed loop)

X1

X´1
w̃´3|´1

""

ũ1|´1

OO

X´2

w̃´1|´2
<<

ũ2|´2

}}

X´3
ũ3|´3

!!

w̃´2|´3

oo

X2 X3

(26)

where the vertices are the complementary sets X´i “ XjXk and the edges around the cycle are of
the form w̃´i|´pi`1q pmod 3q “ w̃jk|ki, yet to be defined.5 We now have two graphical candidate
representations of the network, and our issue is to relate them to each other. The key concept in
this regard is Markov equivalence.

Definition 7 Two graphs are Markov equivalent if they entail exactly the same conditional inde-
pendence model (cf. Cowell et al. (1999); Jordan (2001)).

Our goal is to define the conditional functions w̃´pi´1q|´i that map the social influence that the
complementary subgroup X´i exerts on the complementary subgroup X´pi´1q such that (23) and
(26) are Markov equivalent. To proceed, we apply the chain rule of probability (the conditional
product rule) to obtain the factorization

w̃ij|jkpai, aj|a
1
j, akq “ w̃j|ijkpaj|ai, a

1
j, akqw̃i|jkpai|a

1
j, akq , (27)

where aj , the conditioned self-conjecture for Xj and a1
j , the conditioning self-conjecture for Xj ,

both independently range over Aj . Notice, however, that w̃j|ijkpaj|ai, a
1
j, akkq contains a self-

conditioning component; thus, it must be a degenerate mass function,6 yielding

w̃j|ijkpaj|ai, a
1
j, akq “

#

1 if aj “ a1
j

0 otherwise.
(28)

Substituting (28) into (27) yields

w̃ij|jkpai, aj|a
1
j, akq “

#

w̃i|jkpai|aj, akq if aj “ a1
j

0 otherwise.
(29)

5Although the vertices for the representation of a Bayesian network typically comprise single random variables
with individual transition probabilities, there is nothing in the theory that prohibits a representation with the vertices
comprising sets of random variables with joint transition probabilities. Similarly, a social influence network graph
may be expressed with vertices comprising sets of agents with joint transition functions.

6This result follows from the definition of conditional probability: P pA|A^Bq “ P pA^A^Bq{P pA^Bq “ 1.
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Also, it is obvious that w̃i|jkpai|a
1
j, akq “ ũi|jkpai|a

1
j, akq, which yields

w̃ij|jkpai, aj|a
1
j, akq “

#

ũi|jkpai|aj, akq if aj “ a1
j

0 otherwise
(30)

for ij|jk P t12|23, 23|31, 31|12u. With these specifications, the graphical representations (23) and
(26) are Markov equivalent.

We illustrate this procedure with a 3 ˆ 2 scenario. The transition matrix from tXj, Xku to
tXi, Xju is

Tij|jk “

»

—

—

–

w̃ij|jkpxi1, xj1|xj1, xk1q w̃ij|jkpxi1, xj1|xj1, xk2q

w̃ij|jkpxi1, xj2|xj1, xk1q w̃ij|jkpxi1, xj2|xj1, xk2q

w̃ij|jkpxi2, xj1|xj1, xk1q w̃ij|jkpxi2, xj1|xj1, xk2q

w̃ij|jkpxi2, xj2|xj1, xk1q w̃ij|jkpxi2, xj2|xj1, xk2q

w̃ij|jkpxi1, xj1|xj2, xk1q w̃ij|jkpxi1, xj1|xj2, xk2q

w̃ij|jkpxi1, xj2|xj2, xk1q w̃ij|jkpxi1, xj2|xj2, xk2q

w̃ij|jkpxi2, xj1|xj2, xk1q w̃ij|jkpxi2, xj1|xj2, xk2q

w̃ij|jkpxi2, xj2|xj2, xk1q w̃ij|jkpxi2, xj2|xj2, xk2q

fi

ffi

ffi

fl

(31)

Substituting (30) into (31) yields

Tij|jk “

»

—

—

–

ũi|jkpxi1|xj1, xk1q ũi|jkpxi1|xj1, xk2q 0 0

0 0 ũi|jkpxi1|xj2, xk1q ũi|jkpxi1|xj2, xk2q

ũi|jkpxi2|xj1, xk1q ũi|jkpxi2|xj1, xk2q 0 0

0 0 ũi|jkpxi2|xj2, xk1q ũi|jkpxi2|xj2, xk2q

fi

ffi

ffi

fl

(32)

The closed-loop transition matrices are

Tij “ Tij|jkTjk|kiTki|ij (33)

for ij P t12, 23, 31u.
We are now in a position to apply the Markov chain convergence theorem to the ring with

vertices comprising the dyads tXiXju, with the eigenvectors corresponding to the unique unity
eigenvalues of these matrices comprising the steady-state complementary correlation functions for
tXi, Xju, denoted

w´i “ wjk “

»

—

—

–

wjkpxj1, xj1q

wjkpxj1, xj2q

wjkpxj2, xj1q

wjkpxj2, xj2q

fi

ffi

ffi

fl

. (34)

As discussed by Aumann (1987), the notion of correlation in game theory arises via a signal
generated by some randomizing device that generates information for each player that enables them
to identify correlated strategies. For our scenario, the diffusion of conditional utilities throughout
the network generates a signal to the players that enables them to define the functions w´i that
enable them to achieve praxeological correlation analogous to the epistemological correlation in
Aumann’s setting.
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The individual correlated utility vectors are computed as

wi “

„

wipxi1q

wipxi2q

ȷ

“ Ti|jkwjk . (35)

with

Ti|jk “

„

ũi|jkpxi1|xj1, xk1q ũi|jkpxi1|xj1, xk2q

ũi|jkpxi2|xj1, xk1q ũi|jkpxi2|xj1, xk2q

ũi|jkpxi1|xj2, xk1q ũi|jkpxi1|xj2, xk2q

ũi|jkpxi2|xj2, xk1q ũi|jkpxi2|xj2, xk2q

ȷ

.

(36)

3.3 General nth Order Networks
The methodology developed for a general three-agent network may be extended to an arbitrary nth
order network as follows.

1. Generate the ring graph for the complementary network representation

X´n

w̃´1|´n // X´1

w̃´2|´1

��
X´pn´1q

w̃´n|´pn´1q

OO

X´2
oo

(37)

with vertices comprising the complementary subgroups X´i and edges comprising the con-
ditional complementary correlation functions w̃´i|´pi`1qpa´i|a´pi`1qq pmod nq:

w̃´1|´npa´1|a´nq “ w̃2:n|1:pn´1qpa2, . . . , an|a1
1, . . . , a

1
n´1q

w̃´2|´1pa´2|a´1q “ w̃3:1|2:npa3, . . . , an, a1|a
1
2, . . . , a

1
nq

...

w̃´n|´pn´1qpa´n|a´pn´1qq “ w̃1:pn´1q|n:pn´2qpa1, . . . , an´1q|a1
n, a

1
1, . . . , a

1
n´2q

(38)

where the notation 2 : n :“ 2, 3, . . . , n and so forth, and indexing is pmod nq; that is,
3 : pn ` 1q pmod nq :“ 3 : 1 and so forth.

2. Invoke Markov equivalence to define the conditional complementary correlation functions

w̃´1|´npa2, . . . , an|a1
1, . . . , a

1
n´1q “

#

ũ1|´1pa1|a2, . . . , anq if pa2, . . . , an´1q “ pa1
2, . . . , a

1
n´1q

0 otherwise,
(39)

w̃´2|´1pa3, . . . , an, a1|a
1
2, . . . , a

1
nq “

#

ũ2|´2pa2|a3, . . . , an, a1q if pa3, . . . , anq “ pa1
3, . . . , a

1
nq

0 otherwise,
(40)
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continuing,

w̃´n|´pn´1qpa1, . . . , an´1|a
1
n, a

1
1, . . . , a

1
n´1q “

#

ũn|´npan|a1, . . . , an´1q if pa1, . . . , an´2q “ pa1
1, . . . , a

1
n´2q

0 otherwise,
(41)

which are used to populate the conditional complementary transition matrices T´i|´pi`1q

pmod nq.

3. Compute the closed-loop transition matrices

T´i “ T´i|´pi`1qT´pi`1q|´pi`2q ¨ ¨ ¨T´pi´1q|´i pmod nq (42)

and apply the Markov chain convergence theorem to generate the complementary subgroup
correlation functions w´i as the eigenvectors corresponding to the unique unit eigenvalues
of T´i.

4. Populate the conditional transition matrices Ti|´i; all arguments and subscripts are indexed
pmod nq:

Ti|´i “

»

—

—

—

–

ũi|´ipxi1|xpi`1q1, . . . , xpi`nq1q ¨ ¨ ¨

ũi|´ipxi2|xpi`1q1, . . . , xpi`nq1q ¨ ¨ ¨
...

ũi|´ipxiNi
|xpi`1q1, . . . , xpi`nq1q ¨ ¨ ¨

ũi|´ipxi1|xpi`1qNi`1
, . . . , xpi`nqNi`n

q

ũi|´ipxi2|xpi`1qNi`1
, . . . , xpi`nqNi`n

q
...

ũi|´ipxiNi
|xpi`1qNi`1

, . . . , xpi`nqNi`n
q

fi

ffi

ffi

ffi

fl

(43)

and compute the individual correlated utilities

wi “ Ti|´iw´i . (44)

3.4 The Harsanyi Doctrine
In standard game theory, various technologies are used to model processes by which agents can
learn about other agents’ utility functions by observing actions (Fudenberg and Levine, 1998).
Such learning is powerful if Bayesian agents (who know that other players are Bayesians) play
only pure strategies. But they fail under a wide range of common assumptions if players are
assumed to play mixed strategies, as are recommended in many games by Nash equilibrium. This
is the problem space in which Aumann (1987) demonstrates the major result that if players have
common knowledge that all players are Bayesian expected utility maximizers (i.e., conform to
the axioms of Savage (1954), and if they have common priors, then they can identify correlated
equilibria in pure strategies.

As we will discuss in the next section, the power of this result for empirical application to
human strategic interactions is threatened by the finding that conformity to expected utility theory
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(EUT) is observed only in a minority of people. In this section, we first focus on the other condition
supporting correlated equilibrium as a general solution to equilibrium selection, the establishment
of common priors. The idea that all Bayesian players in games should have common priors is often
referred to as “the Harsanyi Doctrine”, after Harsanyi’s (1977) appeal to it in his general theory of
strategic bargaining.

Aumann’s (1987) defense of the Harsanyi Doctrine may reasonably be called ‘philosophical’,
in that it consists mainly in establishing clearly what it means. As Aumann stresses, it does not
mean that all players in a game assign the same subjective probabilities to events. It means rather
that any differences among them should be fully explained by differences in the information avail-
able to them. In particular, players agree on the probability measures on possible states of the
world relevant to their assessments of utilities associated with outcomes of games in which they
jointly participate.

Aumann does not argue that such agreement is observed as an empirical matter. He argues that
it is a presupposition of applications of game theory that depend on “Bayesian rationality”; indeed
it is a presupposition of the ‘economic point of view’ more generally. To distance ourselves from
the dominant tradition in philosophical decision theory (e.g. Bradley (2017)) that regards general
‘rationality’ as a specifiable target virtue for both decision makers and cognitive inquirers, we pre-
fer to express Aumann’s point in different language. (For motivations see Ross (2023).) Economic
models are populated by ‘agents’ in a technical sense. Agents seek to optimize their utility given
constraints. In games these constraints include actions available to other agents. Simultaneous
specification of these constraints by interacting agents, i.e., players, requires them to include one
another’s estimates of one another’s probabilities of actions in their priors. Then if all players know
that all players are EUT optimizers, then all of these priors should be the same. If they then receive
different information, then of course their posteriors may differ. But if they receive common sig-
nals, and know that they do, then even if they also know that others have received varying private
signals, they can identify correlated equilibria.

It makes no difference to this reasoning whether players make conjectures about actions condi-
tional on outcomes, as in standard game theory, or on actions, as in CGT. Indeed, common priors
are implicit in the Markov convergence process from Section 3.3 above by which players of con-
ditional games identify the transition matrices (43). Using that information, each Xi is able to
generate her complementary correlation function w´i and apply (44) to generate her correlated
individual utility function wi. Given that information, she can compute

T´j|´i “ T´j|´pj`1qT´pj`1q|´pj`2q ¨ ¨ ¨T´pj´1q|´i pmod nq (45)

to obtain
w´j “ T´j|´iw´i (46)

from which she can generate Xj’s correlated utility function via

wj “ Tj|´jw´j . (47)

Thus, each player has knowledge of each other’s unconditional utility function as well as her own.
These utilities may then be juxtaposed into a payoff array for which correlated equilibria may be
identified. Figure 1 displays the correlated payoff matrix for a 2 ˆ 2 conditional game

CGT models a mindshaping process. It should hardly come as a shock to intuitions that mind-
shaping supplies agents in a social influence network with shared signals that support correlation.
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Table 1: The correlated payoff matrix for a 2 ˆ 2 conditional game.

X2

x21 x22

x11

`

w1px11q, w2px21q
˘ `

w1px11q, w2px22q
˘

X1
x12

`

w1px12q, w2px21q
˘ `

w1px12q, w2px22q
˘

That is one way, true to Zawidzki’s motivations and evidence, of stating the very point of mind-
shaping.

As noted, however, all of this reasoning has assumed that agents are expected utility maximiz-
ers. Complications for application evidently loom if and when this assumption is in doubt. We will
now argue that CGT furnishes special resources for dealing with this complication.

4 Accommodating Rank Dependent Utility
Aumann’s argument for correlated equilibrium as a general solution to the equilibrium selection
problem in game theory applies to agents who are expected utility maximizers, that is, whose
choices respect the axioms of Savage (1954). Aumann’s paper is about theory, not methodology
for the empirical study of choice. Therefore, it is not a criticism of his argument to observe that
laboratory evidence indicates that most people, at least outside of institutional contexts that in-
centivize and equip them to compute expected utility and act on the basis of such computations,
tend statistically to violate two Savage axioms: independence, and reduction of compound lot-
teries (ROCL) (Bourgeois-Gironde, 2020; Harrison et al., 2015). Most of the relevant evidence
from economic experiments had in any event not yet been produced when Aumann wrote his 1987
paper.

What is interesting here, even to the student of purely general theory, is that the family of
models that experimental economists use to generalize EUT (in the sense that the family formally
nests it) and to accommodate relaxation of the behaviorally neglected axioms incorporates a feature
that Aumann (1987) considers at some length: so-called ‘personal probabilities’. We will first
indicate why this concept arises in Aumann’s discussion and what he says abut it.

As Aumann reconstructs the Harsanyi Doctrine, it amounts to the denial that agents in games
can coherently be thought of as having personal probabilities, even though in Savage’s actual
treatment probabilities are derived individually from each agent’s choices. Aumann notes that
economists as of the time of his writing had occasionally visited the implications of personal prob-
abilities, but that such investigations had found no “considerable echo”. “Apparently,” Aumann
suggests, “economists feel that this kind of analysis is too inconclusive for practical use, and side-
steps the major economic issues” (Aumann, 1987, 15). A couple of pages earlier, he had offered
philosophical reflections to support this attitude, according to which utilities in the Savage setting
are rightly and crucially personal, but beliefs about probabilities should be restricted in accordance
with the Harsanyi Doctrine:

. . . utilities directly express tastes, which are inherently personal. It would be silly to
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talk about “impersonal tastes”, tastes that are “objective” or “unbiased.” But it is not
at all silly to talk about unbiased probability estimates, and even to to strive to achieve
them. On the contrary, people are often criticized for wishful thinking - for letting
their preferences color their judgment. One cannot sensibly ask for expert advice on
what one’s tastes should be; but one may well ask for expert advice on probabilities
(Aumann, 1987, 13).

This intuitive asymmetry currently makes itself felt in arguments about how to do “behavioral
welfare economics” (see Harrison and Ross (2018, 2023) for general discussions). The general
family of utility models that best capture the statistical majority of observed choices under risk
in the economic laboratory (Harrison and Ross, 2016) are rank-dependent utility (RDU) models
following Quiggin (1982, 1993). We technically outline the relevant features of RDU below. For
the moment, what is crucial is that RDU attaches decision weights to probabilities that reflect
utility rankings. Thus Savage’s postulate that subjective probabilities do not depend on utilities is
violated in RDU. It would be rash to simply assert that these are personal probabilities in the sense
Aumann intends. But that that is a natural interpretation is indicated by divided opinion in welfare
economics over whether decision weights should or should not be over-ruled by a policy advisor for
agents whose choices reveal RDU structure. In terms of the quotation from Aumann above, should
such revealed preferences be adjusted away by the advisor because their use can be “criticized”?
Or does this amount to paternalistically over-ruling the client agent’s preferences? As Harrison and
Ross (2018) point out, there can be sound justifications for choosing on the basis of the “fat tails”
in distributions associated with typically observed decision weights. Perhaps the agent assumes
that many of her strategic interactions occur against a background of interested manipulation by
designers of rules and institutions. More prosaically, perhaps she knows that when she estimates
distributions, she typically has relatively sparse observations from tails, so she might prudently
operate a heuristic to correct for risky consequences of this sparse information. Buchak (2013),
in pursuing the philosophical project from which we distanced ourselves in Section 3, argues that
RDU is the best decision model for risky choices that a “generally rational” agent should adopt,
in preference to EUT. So she interprets RDU decision weights as personal probabilities in the
strongest conceivable sense.

In the remainder of the paper, we argue that CGT naturally provides a mechanism for pushing
this philosophical dispute into the background, in a way that allows economists to get on with
business without needing to take a stand on it. More importantly, our argument can dissolve the
practical tension between Aumann’s general theoretical conclusion and empirical application of
game theory to subjects whose actual choices are best described by RDU models. The basic in-
tuition behind the argument, on which we will elaborate in the concluding discussion, is that the
interpretative ambiguity around the normative status of decision weights arises from the fact that
they reflect social-strategic influence and experience. Mindshaping influences both beliefs and
preferences jointly. Thus at the level of theory, the CGT stage of analysis, which captures mind-
shaping elements, is the place to capture rank-dependence. At the next stage of analysis, where
standard game theory is applied to unconditional utilities generated by the conditional Markov
process, effects of decision weights are then already reflected in the transition matrices that consti-
tute the shared signal on which correlated equilibria are identified. At that stage, in effect, agents
should be modeled under the full set of Savage axioms.

Before we proceed, we should note that this has no practical implications for the experimental
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economist’s identification or estimation of her empirical model. But that economist might well
want to compare game outcomes she observes in the lab or field with what abstract game the-
ory tells her to expect. If her subjects found equilibrium, she might wonder how they did so,
and speculate about psychological mechanisms. Our reflections suggest that she should consider
mindshaping mechanisms, some of which might have operated before the experiment started.

4.1 Generalized Expected Utility
As noted previously, a specification of an RDU model generalizes EUT, Savage’s theory of choice
under uncertainty: RDU formally nests EUT. We therefore characterize RDU beginning from EUT.
The elements are a) a finite set S of states of the world, b) a finite set C of consequences,7 c) a
set F of action functions (random variables) of the form f : S Ñ C such that fpsq determines the
consequence in C if f is adopted when s P S is realized, and d) a total preference ordering Á

defined over F ˆ F .
Savage’s theory gives us a manual for evaluating the elements of F when there is uncertainty

regarding the state of the world. The key existence result is that, if the Savage (1954) postulates
hold, then there is a discrete probability measure P defined over 2S , the power set of S, and a
unique (up to a positive affine transform) utility assignment u: C Ñ R such that, for f, f 1 P F ,

f Á f 1 if, and only if, Erupfqs ě Erupf 1
qs , (48)

where
Erupfqs “

ÿ

cPC

upcqP rf´1
pcqs (49)

is the expected utility of f . The set f´1pcq “ ts P S: fpsq “ cu is the inverse image of c P C under
the mapping f : S Ñ C and

P rf´1
pcqs “

ÿ

sPf´1pcq

ppsq , (50)

where ppsq “ P ptsuq (where tsu denotes a singleton set) is the probability mass function corre-
sponding to the probability measure P .8

Represent an expected payoff to an agent considering a risky choice as v: C Ñ R. Her deliber-
ations are governed by two attributes: a) the marginal utility associated with receiving vpcq and b)
her attitude associated with its receipt in the presence of risk. These attributes are encoded with a
utility operator U defined over the set of payoff functions that generates a utility function u: C Ñ R
such that upcq “ Urvpcqs. A well-known risk response function, which we use for convenience, is
the constant relative risk aversion (CRRA) utility function, which has the general form

CRRApṽq “

#

ṽ1´r´1
1´r

r ‰ 1

logpṽq r “ 1
. (51)

7Savage’s theory extends to scenarios with infinitely many consequences, but here we restrict treatment to the finite
case.

8The inverse image of f : A Ñ A is a mapping f´1: 2A Ñ 2A, that is, f´1 a mapping of the power set of A to
itself. Precise notation, then requires that we write c P A, tcu Ă A, and tcu P 2A. Thus, to be notationally precise, we
would write f´1ptcuq rather than f´1pcq, where tcu is a singleton set. However, since, for our application, we are only
interested in the inverse image of singleton sets, we slightly abuse notation and eliminate the braces. Unless f is an
injective mapping (also termed a one-to-one mapping), the inverse image f´1pcq may contain more than one element
of A.
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The parameter r is termed the coefficient of constant relative risk aversion: r “ 0 corresponds to
risk neutrality, r ă 0 to a risk seeking attitude, and r ą 0 to risk aversion. Since conditional game
theory requires utilities to take values in the unit interval, we perform a positive affine transform

ũ “ Upṽ; rq “ p1 ´ rqCRRApṽq ` 1 “ ṽ1´r , r ď 1 ñ

$

’

&

’

%

concave 0 ă r ă 1

linear r “ 0

convex r ă 0

(52)

(we require r ă 1 to ensure that the transform is positive)
We now define rank-dependent utility as developed by Quiggin (1982). Whereas Savage

expected utility is defined as the sum of the products of the utilities of the outcomes and the prob-
abilities of their realizations, rank-dependent expected utility is defined as the sum of the products
of the utilities of the outcomes and decision weights ascribed to the outcomes that are functions
of their ranking positions as well as their probabilities, thereby violating Savage’s postulate that
the probability cannot depend on the utility. Quiggin defines what we will call Quiggin operators,
which transform probabilities into rank-dependent decision weights. We will refer to the appli-
cation of the Quiggin operators as Quigginization. The procedure is as follows. Let tc1, . . . , cNu

denote the outcomes ordered from most preferred to least preferred, yielding

c1 Á c2 Á ¨ ¨ ¨ Á cN , (53)

with associated probabilities

P
“

f´1
pc1q

‰

, ¨ ¨ ¨ , P
“

f´1
pcNq

‰

. (54)

Let ω: r0, 1s Ñ r0, 1s be a strictly increasing and continuous probability weighting function, with
ωp0q “ 0 and ωp1q “ 1. The Quiggin operators produce the functions on the right hand side of the
following expressions:

πpc1q “ ω
“

P rf´1pc1qs
‰

πpc2q “ ω
“

P rf´1pc1qs ` P rf´1pc2qs
‰

´ ω
“

P rf´1pc1qs
‰

...

πpckq “ ω
“

P rf´1pc1qs ` ¨ ¨ ¨ ` P rf´1pckqs
‰

´ ω
“

P rf´1pc1qs ` ¨ ¨ ¨ ` P rf´1pck´1qs
‰

...

πpcNq “ 1 ´ ω
“

P rf´1pc1qs ` ¨ ¨ ¨ ` P rf´1pcN´1qs
‰

.

(55)

The rank-dependent utility is thus defined as

RDU rus “
ÿ

k

upckq πpckq . (56)

A probability weighting function that has gained wide acceptance due to its flexibility for
representing empirical choice data is due to Prelec (1998):

ωppq “ Pppq (57)
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Figure 1: Prelec operator P.

where P is the Prelec operator defined by

Pppq “ exp
“

´ ηr´ log ps
ϕ
‰

, ϕ ą 0, η ą 0 . (58)

The parameters pϕ, ηq can be chosen to generate different shapes (e.g., convex, concave, S-shaped,
and inverse S) that often provide best fits to data. Figure 1 displays the Prelec operator for various
values of pϕ, ηq.

4.2 RDU in Conditional Games
We extend the model of generalized expected utility, which applies originally to individual decision
making under risk, to multiple agent interactive decision scenarios. The state of the world for Xi

is the element si P Ai under consideration by Xi as the action to be chosen. A consequence for
Xi, denoted ci, is the element ci P Ai that is realized.

Let Ṽ “ tṽi|´i: Ai|A´i Ñ r0, 1s, i “ 1, . . . , n } denote a set of conditional payoffs. Let
F̃ “ tf̃1, . . . , f̃Ni

u denote a set of action functions f̃i: Ai Ñ Ai such that ci “ f̃ipsiq is the
consequence to Xi when she in takes action si P Ai. Let P̃ “ tp̃i|´i: Ai|A´i Ñ r0, 1s, i “

1, . . . , nu denote a set of conditional probability mass functions defined over Xi’s state of the
world such that p̃i|´ipsi|α̃iq is the probability of taking action si P Ai given that X´i is in world
state α̃i P A´i.

Let Ui denote a utility operator for Xi. A straightforward procedure would be to apply Ui to
each conditional payoff. This transformation, however, does not preserve the requirement that the
utility must be a mass function as required by CGT, since, in general,

ř

cj
Uirṽi|´ipcj|c´iqs ‰ 1.

To address this issue, we turn to the procedure introduced by Quiggin to transform a probability
mass function via the Quiggin operators, defined by (55), into a set of rank-dependent decision
weights that have the syntactical structure of a probability mass function (they are nonnegative and
sum to unity). In decision theory under RDU, these decision weights are understood as reflecting
idiosyncratic beliefs about probabilities of outcomes based on their utility ranking, and the decision
weights account for this epistemological equivocation. In the context of conditional game theory,
we exploit a structural analogy between these decision weights and praxeological rank-dependent
utility weights that reflect the idea that an agent might strategically adjust her preferences expressed
by actual or conjectured choices to reflect uncertainty about the behavior of those with whom she
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interacts. Since the utilities of conditional game theory comply with the probability syntax, we
may define a utility weighting function by transforming conditional utilities to account for this
praxeological uncertainty via the Quiggin operators defined by (61).

To proceed, we establish the preference ordering for each conditioning self-conjecture sub-
profile in A´i where, expressed in lexicographical order pmod nq, the sets of complementary
subprofiles are

A´1 “

"

px21, x31, ¨ ¨ ¨ , xpn´1q1, xn1q
looooooooooooooomooooooooooooooon

α̃11

, px21, x31, ¨ ¨ ¨ , xpn´1q1, xn2q
looooooooooooooomooooooooooooooon

α̃12

,

. . . , px2N2 , x3N3 , ¨ ¨ ¨ , xpn´2qNpn´2q
, xnNnq

loooooooooooooooooooooomoooooooooooooooooooooon

α̃1N´1

*

A´2 “

"

px31, x41, ¨ ¨ ¨ , xn1, x11q
looooooooooooomooooooooooooon

α̃21

, px31, x41, ¨ ¨ ¨ , xn1, x12q
looooooooooooomooooooooooooon

α̃22

,

. . . , px3N3 , x4N4 , ¨ ¨ ¨ , xnNn , x1N1q
looooooooooooooooomooooooooooooooooon

α̃2N´2

*

...

A´n “

"

px11, x21, ¨ ¨ ¨ , xpn´2q1, xpn´1q1q
loooooooooooooooooomoooooooooooooooooon

α̃n1

, px11, x21, ¨ ¨ ¨ , xpn´2qNpn´2q
, xpn´1q2q

looooooooooooooooooooomooooooooooooooooooooon

α̃n2

,

. . . , px1N1 , x2N2 , ¨ ¨ ¨ , xpn´2qNpn´2q
, xpn´1qNpn´1q

q
looooooooooooooooooooooooooomooooooooooooooooooooooooooon

α̃nN´n

*

(59)

with the cardinality of A´i is Ń i “
ś

j‰i Nj . For each α̃ik P A´i, let tjik1 , . . . , jikNi
u be a

permutation of t1, . . . , Ń iu such that the conditional payoffs are ordered according to decreasing
preference, that is,

ṽi|´ipxijk1
|α̃ikq ě ¨ ¨ ¨ ě ṽi|´ipxijkN´i

|α̃ikq . (60)

We apply Quigginization to define the rank-dependent conditional utilities

ũi|´ipxijk1
|α̃ikq “ Ui

“

ṽi|´ipxijk1
|α̃ikq

‰

ũi|´ipxijk2
|α̃ikq “ Ui

“

ṽi|´ixijk1
|α̃ikq ` ṽi|´ipxijk2

|α̃ikq
‰

´ Ui

“

ṽi|´ipxijk1
|α̃ikq

‰

...

ũi|´ipxijkN´i
|α̃ikq “ 1 ´ Ui

“

ṽi|´ipxijk1
|α̃ikq ` ¨ ¨ ¨ ` ṽi|´ipxijkpN´n´1q

|α̃ikq
‰

.

(61)

By construction, ũi|´i is a mass function, that is,

ũi|´ipci|α̃ikq ě 0 @ α̃ik P A´i
ÿ

j

ũi|´ipcj|α̃ikq “ 1 . (62)

As these conditional utilities propagate according to the Bayesian network/Markov conver-
gence theory, they generate correlated payoffs wi as defined by (44). The outcome ci for each
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agent taking action is governed by the conditional probability mass functions p̃i|´i, which must
also be propagated through the network to generate a corresponding probability mass function pi,
which governs the outcome when Xi takes action si. Thus, the probability of the set of actions that
yield ci is

P i

“

f´1

i pciq
‰

“
ÿ

sjPf´1
i pciq

pipsjq . (63)

Let tji1 , . . . , jiNi
u denote a permutation of t1, . . . , Niu such that

wipxij1
q ě ¨ ¨ ¨ ě wipxijNi

q (64)

and apply the Quiggin operators as defined by (55) to the converged probability measures P i,
yielding the rank-dependent decision weights

πpxiji1q “ ω
“

P i

”

f̃´1

i pxiji1q

ı

‰

πpxiji2q “ ω
“

P i

”

f̃´1

i pxiji1q

ı

` P i

”

f̃´1

i pxiji2q

ı

‰

´ ω
“

P i

”

f̃´1

i pxiji1q

ı

‰

...

πpxijikq “ ω
“

P rf´1
pxiji1qs ` ¨ ¨ ¨ ` P rf´1

pxijikqs
‰

´ ω
“

P rf´1
pxiji1qs ` ¨ ¨ ¨ ` P

“

f´1
pxijipk´1q

q
‰‰

...

πpxijiN´i
q “ ωp1q ´ ω

“

P irf̃
´1

i pxiji1qs ` ¨ ¨ ¨ ` P irf̃
´1

i pxijipN´i´1q
qs

‰

(65)

and the rank-dependent utility of f̃i is

RDU rwipf̃iqs “
ÿ

k

wipxijkq πpxijkq . (66)

The presence in a social influence network of agents whose choices reflect RDU is thus picked
up in the transition matrices that, from Section 3.4, provide correlating signals for unconditional
play. We reflect on the significance of this in the concluding section.

5 Concluding Discussion
We argued in Section 3 that CGT analysis can represent strategic mindshaping, and that such anal-
ysis can provide insight into pre-play processes that furnish common knowledge among players,
which can in turn be used as a basis for identifying correlated equilibria following Aumann (1987).
In Section 4 we argued that if some players have RDU preferences, these can be reflected in the
conditional game, and their influence is picked up in the transition matrices that constitute the
shared signal for the unconditional stage of analysis.

The intended significance of the first argument is straightforward. Mindshaping processes
make people, at least within the shared cultural spaces where complex coordination is observed,
sufficiently predictable to one another to support such coordination. Therefore, that is the process
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we should hypothesize as furnishing signals for correlated equilibrium if we think that Aumann’s
purely theoretical argument is relevant to explaining how actual people find equilibrium in games
where institutional rules are insufficiently precise and binding to select an equilibrium for them.
Mindshaping has a strategic aspect, and therefore resources from game theory should be used, if
possible, to model it. That is the purpose of CGT.

The significance of the second argument is more speculative - but, to the extent that our specu-
lation is thought to be persuasive, more interesting and important.

Deciding which mathematical theory to use to model empirical events involves interpretive de-
cisions. We refer here not to identification through measurement protocols, but to deeper decisions
about how to map abstract mathematical elements onto phenomena being measured. Confronted
by the fact that (typically) majorities of subjects in economic experiments choose in ways that in-
dicate that personal subjective probabilities influence their utility functions, an experimenter might
conclude that she should not try to apply theory that relies on the Harsanyi Doctrine for purpose of
analyzing behavior. Aumann concludes his 1987 paper with an insightful discussion of the impli-
cations of such a decision. He points out that if agents have different prior probabilities even after
taking account of the expectation that all are Bayesians, then one can still define a subjective cor-
related equilibrium in which agents recognize that they each draw varying priors from a common
distribution. However, the result of applying this concept to equilibrium selection is disappoint-
ingly weak. Aumann provides examples of simple games in which sets of subjective correlated
equilibria include both optimal and sub-optimal strategy vectors. Another path, Aumann notes, is
followed by the rationalizability literature Bernheim (1984); Pearce (1984). But rationalizability
is the weakest of equilibrium refinements.

Our argument of Section 4 offers an alternative strategy. This is to interpret such observed ‘per-
sonal probabilities’ as are not simply false perceptions or miscalculations as reflecting uncertainty
about the background strategic conditions of a game. The potential rationalisations for subjec-
tive decision weights discussed by Harrison and Ross (2018), and mentioned in Section 4, are of
this type. Those are just the sorts of preference equivocations that CGT is designed to resolve.
Since they are reflected in the transition matrices for unconditional games that the CGT pre-play
generates as common knowledge, one might then argue that the game theory modeler should not
re-introduce them again into the utilities at play in the unconditional analysis; she should rather
model the players as already taking them into account, and build her game on the maintained
assumption that players are Savage expected utility maximizers who have accurate estimates of
expected frequencies of observed choices that violate EUT in specified ways. Then she can apply
the Harsanyi Doctrine as per Aumann’s clarification of it. That is, players will update their esti-
mates differently as they each obtain private information from the course of unconditional play,
and the posterior probabilities they apply will consequently differ. But the basis for correlated
equilibrium play is modeled as intact.

It is worth repeating our earlier point that the audience to whom this suggestion is directed is not
the typical first-order experimenter. She will want to directly estimate her subjects’ risk preferences
using procedures of the kind surveyed in Harrison and Ruström (2008), and she will typically find
that many of the subjects are best characterized by RDU. If her experiment involves identifying
equilibria in an experimental game, she will likely prefer to use an error-tolerant solution concept
such as quantal response equilibrium, and treat the equilibrium selection process as a black box.

On the other hand, some experiments are directly about equilibrium learning by subjects. If
the situation faced by these subjects is novel to them, an experimenter might have them participate
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in some initial learning rounds. Typically such rounds are unincentivized, since it is assumed that
their point is simply to help subjects understand the rules of the game, and recognize moves they
might make to test hypotheses about other players’ strategies. But this assumes that subjects are
not inspired by the novelty of the setting to engage in mindshaping by conditioning their choices
on other players’ actions and adjusting preferences over outcomes accordingly. A way to check
this assumption would be to separately incentivize learning rounds and estimate a CGT model of
the resulting data from those rounds. If evidence of mindshaping emerged, then our arguments
here would generate an empirical prediction: if the game has multiple equilibria, the frequency of
identifying relatively efficient equilibria by the players should increase.

Our primary point, however, is for theorists. Controversies about how to understand the welfare
implications of patterns of choice that reflect subjective decision weights stems from uncertainty
about whether such behavior should be taken as revealing preferences that should be respected by
a non-paternalist policy-maker or advisor, or as errors in understanding probability that the advi-
sor should helpfully correct before pronouncing a recommendation or designing a nudge. This is
an issue of philosophical interpretation, with normative implications. It is not technically resolv-
able, because it stems ultimately from the fact that if the externalist position in cognitive science
is correct, then there are no psychological facts about latent preferences and beliefs that could be
discovered to empirically settle the issue. However, our practical suggestion about how to think
about the issue offers a way to avoid simply living with muddled intuitions while philosophical
decision theorists debate indefinitely about what ‘rationality’ means. When people are engaged in
unresolved mindshaping some of their preferences remain indeterminate. But where choice pat-
terns have observably settled down, mindshaping can be regarded as having locally done its work.
Then decision weights might most reasonably be treated as preferences just like any others - stable
results of mindshaping processes is just what preferences are in the first place. Here our ability,
using CGT, to rigorously frame mindshaping as strategic matters normatively: advisors should
not, in general, set out to defeat the strategies of their clients. But against the backdrop of such
stability, choices that do result from errors can be identified and, when the advisor’s confidence
meets scientific standards of evidence, corrected.9
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